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Abstract. We construct an Euler system in the cohomology of the tensor product of the Galois 
representations attached to two modular forms, using elements in the higher Chow groups of products 
of modular curves. We use this Euler system to prove a finiteness theorem for the strict Selmer group 
' of the Galois representation when the associated p-adic Rankin-Selberg L-function is non- vanishing at 
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, 1. Outline 

. In [BDR12], Bertolini, Darmon and Rotger have constructed canonical global cohomology classes 

( "Beilison-Flach elements" ) in the cohomology of the tensor products of the p-adic Galois representations 
of pairs of weight 2 modular forms, whose image under the Bloch-Kato logarithm maps arc related to 
the values of p-adic Rankin-Selberg i-functions. These Beilinson-Flach elements are constructed as the 
image of elements of the higher Chow group of a product of modular curves. 

In the present draft, we construct a form of Euler system - a compatible system of cohomology classes 
. over cyclotomic fields - of which the Beilinson-Flach elements are the bottom layer. We first define 

elements of higher Chow groups of the product of two (afhne) modular curves over a cyclotomic field, 

cS^^ATj e CH2(yi(iv)2 ® Q(^,„), 1) 

for integers m > 1, iV > 5, and j G Z/mZ (cf. Definition 2.7.3). These are obtained by considering the 
images of various maps from higher level modular curves to the surface Yi{N)'^, together with modular 
units (Sicgel units) on these curves. For m = 1 our elements reduce to those considered in [BDR12], 
and as in op.eit., we show that after tensoring with Q we can construct prcimages of our elements in the 
higher Chow group of the self-product of the projective modular curve Xi{N); however, in this paper 
(as in [Kat04]) we shall take the affine versions as the principal objects of study. 

We show two forms of compatibility relation for our generalized Beilinson-Flach elements: firstly, 
relating c'^m,N,j to the pushforward of c'^m,Np,j, for p prime (theorem 3.1.2); secondly, relating cS„i,jv,j 
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to the pushforward (or Galois norm) of c^mp,N,j, where p is prime and either p \ N (theorem 3.3.2) or 
p\mN (theorem 3.4.1). 

We next turn to the relation between our elements and L- values. Theorem 4.3.7 shows, following an 
argument due to Beilinson, that the images of the elements c^m.N.j under the Beilinson regulator map 
into complex de Rham cohomology are related to the derivatives at s = 1 of Rankin-Sclberg L-functions 
of weight 2 modular forms. Theorem 5.6.4 is a p-adic analogue of this result, generalizing a theorem of 
Bertolini-Darmon-Rotger [BDR12]; it gives a formula for the image of our element for to = 1 under the 
p-adic syntomic regulator, for a prime p \ N, in terms of Hida's p-adic Rankin-Selberg L-functions. 

Next we consider the images of our elements in etale cohomology. Applying Huber's "continuous etale 
realization" functor and the Hochschild-Serre exact sequence, and projecting into the isotypical compo- 
nent corresponding to a pair of eigenforms (/, g) of level N, allows us to construct Galois cohomology 
classes 



from the elements cSm^jvj"; see Definition 6.4.4. Using the second norm relation in the p-adic cyclotomic 
tower, we can modify these to construct elements of Iwasawa cohomology groups of pairs of modular 
forms (under a strong "ordinarity" hypothesis; this is Theorem 6.8.6), or of the tensor product of Iwasawa 
cohomology groups with the algebra of distributions (under a weaker "small slope" hypothesis; see 
Theorem 6.8.4). These elements satisfy compatibility relations of Euler-system type when additional 
primes arc added to to. 

Using the first norm relation, we also obtain variation in Hida families. More specifically, if one of the 
two forms (WLOG g) is ordinary, we may deform our cohomology classes analytically as g varies over a 
Hida family; cf. theorem 6.9.5. (In the special case to = 1, such results have been independently obtained 
by Bertolini-Darmon-Rotger.) When / and g are both ordinary, we obtain three- variable families which 
also incorporate cyclotomic twists, cf. theorem 6.9.8. 

As an application of these constructions, we prove (under some technical hypotheses) a finiteness 
theorem for the strict Selmer group of a product of modular forms (Theorem 7.4.2) when the associated 
p-adic Rankin-Selberg L- function is non- vanishing at s = 1. (Our methods will in fact give an explicit 
bound for the order of the Selmer group in terms of the valuation of the i-value; we shall return to this 
issue in a subsequent draft.) 

Remark. It is a pleasure to acknowledge the very deep debt this article owes to the magisterial work 
of Kato [Kat04]. We have adopted many aspects of the strategy and methods of Kato's work, reused 
a number of his results, and even in many cases adopted his notation. It is a pleasure to dedicate this 
work to Professor Kato, as a humble gift on the occasion of his 60th birthday. 
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Montreal and Bielefeld in Spring 2012; they would like to thank Henri Darmon and Thomas Zink for their 
hospitality. We would also like to thank Massimo Bertolini, Francois Brunault, Francesc Castella, John 
Coates, Henri Darmon, Mathias Flach, Kazuya Kato, Masato Kurihara, Andreas Langer, Jan Nekovar, 
Victor Rotger, Ken Ribet, Karl Rubin, Tony Scholl and Andrew Wiles for helpful comments. 



In this section we'll construct elements of motivic cohomology groups of products of modular curves, 
using the explicit description of the motivic cohomology given by the Gersten complex. 

2.1. Modular curves. We begin by fixing notation regarding modular curves. We follow the conven- 
tions of [Kat04] very closely (see in particular §§1, 2, and 5 of op.cit.). 

Definition 2.1.1. For N > 3, let Y{N) denote the smooth affine curve over Q which represents the 
functor on the category of Q^- schemes 



2. Generalized Beilinson-Flach elements 




isomorphism classes of triples (E, 61,62), 

E an elliptic curve over S , 
ei, 62 sections of E/S generating E[N]. 
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The variety Y{N) is equipped with a left action of GL2(Z/A^): the element ( ^ ^ maps {E, 61,62) 



to {E, e'l, 62) where 

a b\ ( 61 



v^2/ \c dj \^2, 

There is an obvious surjective morphism Y{N) — /i^^, where /x^ is the scheme of primitive A^-th roots 
of unity, which sends {E, ei, 62) to (ei, e2)_E[Ar], where (— , —)e[n] denotes the Weil pairing on E[N]. As is 
easily seen, the induced action of GL2(Z/A^Z) on fj,°j^ is given by ct • C = (^'^°*'^; and the fibre of Y{N){C) 
over the point ^'^^1^ g MAr(C) is canonically and SL2(Z/A^)-equivariantly identified with T{N)\'H, where 
"H is the upper half-plane and T(N) the principal congruence subgroup of level N in SL2(Z), via the map 

T ^ {C/{Z + Zt),t/N,1/N) . 

We shall not (alas) construct elements in the cohomology of the curves Y{N) themselves, but rather 
in the cohomology of various quotients of such curves, which we now define. 

Definition 2.1.2. For M,N > 1, we shall define Y{M,N) to be the quotient ofY{L), for any L > 3 
divisible by M and N, by the subgroup 0/ GL2(Z/mA'^Z) 

b\ a ^ l,b = mod M, 
d) ' c = 0, mod N 

This curve Y{M,N) represents the functor of triples {E, 61,62) where ei has order M, 62 has order 
N , and ei, 62 generate a subgroup of E of order MN . 

Definition 2.1.3. We write Yi{N) for the smooth affine curve over Q representing the functor 

{isomorphism classes of pairs {E,P), 
E an elliptic curve over S , 
P a section of E / S of exact order N . 

Remark 2.1.4. Note that the cusp 00 is not defined over Q in this model, so the g-expansions of elements 
of OiYi{N)) do not necessarily lie in Q((q)). See e.g. [DI95, §9.3] for further discussion. 

It is clear that Yi{N) — y(l,A^). More generally, we may use the following proposition to identify 
Y\{N) X ioT m,N > 1, with a quotient of a principal modular curve: 

Proposition 2.1.5. If N > 3,m > 1, and L > 3 is divisible by both N and m, then the map 

Y{L) . Y,{N)®fil, 

(£;, 61,62) I " [(£^,#e2),(^ei,^e2)^[„,_ 

identifies Yi{N) x with the quotient ofY{L) by the subgroup o/GL2(Z/iZ) given by 

b\ c = 0,d=l mod N, 
c d J ' ad — be ^ 1 mod m 

We shall be most interested in the curves Y{m,mN) ioi m>l,N > 1. Note that Y{m,mN) maps 
naturally to /zj^, with geometrically connected fibres, and that it has a left action of the group 



a b 
c d 



mod N 



compatible with the determinant action on /x°„. We shall introduce some notation for maps between 
these curves. 

Definition 2.1.6. Let m,N >1. 

(1) We write tm for the morphism Y{m,mN) — >■ Yi{N) x fi'^ given by 

{E, 61, 62) ^ [{E/{ei), [TO62]) , {6i,N62)e[n]] ■ 

(2) For a > 1, we write Ta for the morphism Y{am,amN) — >■ Y{m,mN) given by 

{E, 6^62) ^{E/C, [61], [062]) 

where C is the cyclic subgroup of order a generated by mei, and [ei], [062] denote the images of 
61 and ae2 onE/C. 
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Proposition 2.1.7. Let m,N,a as above. 
(1) We have a commutative diagram 



Y{am,amN) >- Y{m,mN) 



where the bottom horizontal arrow is the identity map on Yi(N) and the map — > given 

byC^C- 

(2) For b G {'L/mN'L)^ , the map intertwines the action of {^\) with the automorphism ab ■ C ^ 
of 11°^, and (''q^ with the diamond operator {b) on Yi{N). 

Proof. The first statement is immediate from the definition of the maps and properties of the Weil 
pairing, and the second is an easy verification (cf. [Kat04, 5.7.1]). □ 

Remark 2.1.8. The use of the maps is forced on us by the nature of our construction of zeta elements. 
It would be much more satisfying to use the natural degeneracy maps Y{am, amN) — > Y{m, mN) given 
by : (E, 61,62) 1— > {E,aei,ae2), since the inverse limit over m = {p^)k>i would then admit an action 
of GL2(Zp); but we cannot, sadly, construct useful compatible systems in this larger tower. The inverse 
limit of the Y{p^ ,p^N) with respect to the maps can be identified with the invariants of the GL2 

/l *^ 

tower under the subgroup ( ^ _^ 

Notation. For compatibility with [Kat04], we shall use the alternative notation Yi{N) ® Q(/irn) for 
Yi{N) X 

We shall also have to deal with products of two modular curves. 

Definition 2.1.9. We shall write Y (N)'^ (slightly abusively) for the fibre product Y{N)x^o^Y{N) . This 
is a subvariety ofY{N) XgpQj.j-Q) Y{N) preserved by the subgroup 

{(cr,r) e Gh2{1/Nf : det(cr) = det(T)} . 

Similarly, we shall write Y{m,mN)'^ for Y(ra,mN) x^o^ Y{m,mN), which is acted upon by the group 

G = |((T, r) e GL2{Z/mNf : dct{a) = det(T) mod m, ct, r = ^* *^ mod N. 

Evidently, the image of Y(m, mN) x^o^ Y{m, mN) under tm x t^ lands in 

(Yi(7V) X ^,l^) x,,o^ {Y,{N) X = Y,{N)' x 

so we may consider t„i x t,n as a morphism Y{m, mN)"^ — > Yi{N)'^ x which intertwines the action of 
((§?),(§?)) eG with a,. 

We shall also have to consider, occasionally, some more general classes of modular curves. Here we 
shall only consider models over Q. 

Definition 2.1.10. //F C SL2(Z) is a congruence subgroup, then we shall write Y{T) for the variety 

{r\Y{L)) Q, 

where L is any integer > 3 such that F D r(L); this variety is independent of the choice of L. 

Remark 2.1.11. It is well known that if a G GLJ(Q), then the isomorphism of Riemann surfaces 
y(F)(C) = Y'(aFa~^)(C) mapping t £ H to ar extends to an algebraic isomorphism defined over 
Q; similarly for degeneracy maps Y{T) — > Y{T') for F C F'. 

As is easily seen, the above constructions with affine modular curves also have projective analogues 
where the cusps are taken into account; we shall write X(—) for the compactified version of Y{^) in line 
with the standard notation. 
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2.2. Siegel units. 

Definition 2.2.1. For {a, 13) e (Q/Z)^ - {(0,0)} of order dividing N, and c > 1 coprime to 6N, let 

c<7a,/3 G 0{Y(N))^ denote Kato's Siegel unit, as defined in [Kat04, §1.4]. We identify c9a,t3 with a 
holomorphic function on the upper half plane in the usual fashion. 

Recall that there is an element ga.p G 0{Y{N))^ Cg) Q such that cSa,p = c^ga.p — gca,ci3- 

Proposition 2.2.2 (Distribution relations). Let m > I, and let c be a nonzero integer coprime to 6m 
and the orders of a, (3. Then the following relations hold: 

(la) cga,fi{mz) = Y\_cga,p'iz) 

13' 

where the product is over f3' G Q/Z such that mj3' ~ (3; 

(lb) cga,l3{z/m) = Y[ cga'Az) 

a' 

where the product is over a' £ Q/Z such that ma' = a; and 

(Ic) cga,0{z)= Y[ cga',l3'{z) 

a', 13' 

where the product is over pairs (a',/3') G (Q/Z)^ such that {ma' ,m(3') — {a, (3). 

Proof. Formula (la) is Lemma 2.12 of [KatOl]. Formula (lb) can be proved similarly, or can be deduced 
directly from (la) using the action of y Formula (Ic), which is Lemma 1.7(2) of op.cit., is 



1 ^ 

immediate by combining (1) and (2). □ 

Remark 2.2.3. The three formulae above admit the following common generalization: let M be a 2 x 2 
integer matrix with positive determinant D. Then we have 

cga,p{M z) = c.9q',/3' 

where the product is over all {a' , (3') such that {a',/3')M' = (a,/3), where M' = (detM)Af"i is the 



adjugate matrix of M. Cases (1), (2) and (3) correspond to taking M ~ [^g ij ' [^0 J ^^'^ 
m \ 

Q 1 respectively. The case where M is invertible is (part of) Lemma 1.7(1) of op.cit.. 

We are most interested in the units c5o,i/JVi which descend to units on Yi{N). These have the following 
compatibility property: 

Theorem 2.2.4 (Kato). If M, N, N' > 1 are integers with prime(A^') — prime(A^), and a is the natural 
projection Y{M,N') Y{A'fN) (which induces a norm map a* : 0(r(A/, iV'))^ 0{Y{Af N))"" ), 
then we have 

Q!*(c5o,i/w) = c3o,i/JV- 
// N' ~ N£, where £ is prime and £ \ MN , then we have 

Oi*{cgo,i/N') ~ cgo,i/N ■ (c5o, "f-i'VJv) 
where "£~^" signifies the inverse of £ modulo N. 

Proof. These statements are proved in [KatOl, §2.11, 2.13] (in the course of proving the norm-compatibility 
relation for Kato's elements of K2, Propositions 2.3 and 2.4 of op.cit.). We reproduce the proofs briefly 
here. 

Firstly, let us suppose prime(TOA'^') — prime(TOiV). Let a — N' /N. Since prime(mA^') = prime(TOA^), 
for each {x,y) E (Z/aZ)^ we may choose an element Sxy G GL2(Z/7tiA^'Z) of the form 

/I \ 

\mNx 1 + mNy J 
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These elements s^y are coset representatives for the quotient of the two subgroups of GL2(Z/mAf'Z) 
corresponding to Y(rn,mN) and Y{m,mN'), so we have 

a* (c5o,i/JV') = Y[^*xy (c5oa/JV') ■ 
For any M > 1. any u E GL2(Z/A/Z) and any a,/? G (jjZ/Z), we have 

U* (c5a,/3) = c9a',l3' 

where 

(a',/3') = (a, /?)•«; 
applying this to the formula above we deduce that 

Q^* (c50,l/mJV') = W {c9x/a,l/mN'+y/a) ■ 

The latter expression is equal to the product of c57,i5 over all pairs (7, 6) such that (07, a5) ~ (0, 1/mN); 
so using the distribution property of Equation (la), the product is cgo.i/mN required. 

In the second case, where N' = £N for £ \ MN, we pass via the intermediate modular curves 
Y{M,N{e)) and Y{M{e),N) described in [Kat04, §2.8]. Let (pi : Y{M,N{£)) -> Y{M{£),N) be the map 
defined in op.cit., corresponding to z t-^ £z on Ji. We factor the projection a as ai o a2, where ai and 
a2 are the natural maps 

Y{M,N£) Y{M,N{£)) Y{M,N). 

By [Kat04, Step 2 of §2.13 and (2.13.2)], we have 

("2)* {c9o,i/Ne) = V*e (cffoa/jv) • {cgo."e-^" /n) ; 
{ai)*V*eic9o,i/N) = c9o,i/N ■ (c5o,"«-i"/^')^' 

(ai)* (cffo/v-i'V^) ^ (c3o,"£-i"/^) 

(the last formula owing to the fact that the degree of ai is £ + 1). Hence, on combining these three 
equations, wc obtain 

a*(c5oa/JV£) = (ai)*(a2)* {cgo,i/Ne) 

= (ai)* 

= (cffO.l/Af • (c50,"£-i"/Jv)^) ■ ((c5o,"£-i"/Jv) ) 
= c5o,l/Af ■ (c5o,"^-i") 

□ 

Remark 2.2.5. In the above proposition we excluded from consideration the case when N' = N£ where 
£ I M (but £ \ N). This case can also be treated using Kato's methods, or deduced directly from Step 1 

of §2.13 of op.cit. by applying the element ^'j' , and one finds that in this case we have 

a* {cgo,i/Nt) = cgo.i/N ■ ifi^y (c.go,"£-i'7Jv) • 

However we shall solely (alas!) be working with modular curves of the form Y{m,mN), so we will not 
need this formula. 

2.3. Integral models of modular curves. The following theorem is well-known: 

Theorem 2.3.1 (Igusa). There exists a smooth scheme y{N) over 1j[Cn, 1/-^]j representing the functor 
of Definition 2.1.1 on the category of 1\1/N\- schemes. 

For a sketch of the proof, see e.g. [DR73]. 

Proposition 2.3.2. The Siegel units ^g^^p, for all {a, 13) G (^Z/Z)2-{(0, 0)}, are elements ofO{y{N))''. 



(c.9o,i/iv) • (c5o,"£-i"/Jv) 



J+1 
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Proof. As shown in [Kat04, Prop 1.3], given an arbitrary scheme S, an elhptic curve E/S, and an integer 
c > 1 coprime to 6, there exists a canonical element 9e G 0{E ~ E[c])^ whose divisor is c^(0) — E[c]. 
As noted in [S(li98, §1.3], if the base S is integral and E has a torsion section x : S E oi order N, 
where > 1 is coprime to c and either A^ is invertible on S' or A^ has at least two prime factors, then 
x*6e G 0(5')'^. Applying this with S ~ y{N), E the universal elliptic curve over S, and x the section 
aei + be2 where (a, /3) = {a/N, b/N), we deduce that cffa.^ extends from ^(A^) to a unit on the integral 
model y{N). □ 

Remark 2.3.3. By passage to the quotient we also see that for any b E Z/NZ, 6 7^ 0, the Siegel unit 
c9o,b/N is a unit on the canonical Z[l/A^]-model 3^i(A^) of Yi(A^). 

2.4. Hecke correspondences. Wc now recall how elements of the Hccke algebra can be interpreted 
as correspondences between modular curves, or, cquivalently, as 1-cyclcs on a product of two modular 
curves. 

Lemma 2.4.1. Let a £ GL^(Q) and ri,r2 finite-index subgroups o/SL2(Z). Then there is a unique 
morphism of varieties over Q, 



such that the diagram 



a : y(ri n a-^rza) r(ri) x r(r2). 



1 X a 

H HxH 



YiVi n a-ir2a)(C) ► (y(ri) x y(r2))(C) 

commutes (where the vertical arrows are the natural projection maps). The image of a is an irreducible 
closed subvariety ofY(Ti) x Y{T2), and the map a is a birational equivalence onto its image. 

Proof. After Definition 2.1.10 and the remarks following, the only assertion that needs checking is that a 
is birational. However, by Proposition A. 1.4 in the appendix (applied to the subgroups Fi and a~^r2Q;) 
we know that a is injcctive away from a finite set. □ 

Remark 2.4.2. This proposition is well known in the special case P = SL2(Z) and ot ~ ) for a 



prime p, where it shows that Yg {p) is the normalization of the subvariety of A'^ cut out by the classical 
modular equation of level p\ see e.g. [DR73, §VI.6]. 

Lemma 2.4.3. Let P,P' be as above, let ai,a2 G GL^(Q), and for i = 1,2 let Ci be the curve in 
Y{T) X Y{T') which is the image of points of the form {z, aiz). If the double cosets P'aiP and P'a2P are 
distinct as su bsets o/PGLj((Q), then Ci n C2 is a finite set. 

Proof. Suppose P g Ci n C2. Then P admits hftings to "H x H of the form {zi,aiZi) and {z2,a2Z2); 
and since both of these points are preimagcs of P, we can find 7 G P and 7' € P' such that zi = 7^2 and 
c^izi = 7'a2Z2. Consequently, Z2 is fixed by the element 

7"-^Q!]^^7'q;2 e P • Oi{^(X2 ■ (q!2^^P'q!2). 

By Lemma A. 1.2, either 7~^a^^7'Q;2 is the identity in PGLJ(Q), in which case P'aiP and P'q!2P have 
the same projective image; or Z2 lies in one of a finite set of orbits under the action of P n a2^T'a2, 
which implies that P lies in one of a finite set of points of C2, as required. □ 

Lemma 2.4.4. Let Pi,P2 Q SL2(Z), and let T[ C Ti and Pj C P2, with all four subgroups having finite 
index in SL2(Z). Let a € GL^(Q), and suppose . . . ,/3/i € GLj(Q) are such that we have 



TaaPi = IJp'^ftP;. 



i=l 
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Let C be the curve in Y(Ti) x Y{T2) which is the image of Y{Ti H a^^T2C!t) under the map a of 
Lemma 2.4.1. Then the preimage of C in Y{T'-^) x Y{T2) is the union of h distinct curves Di, . . . , Dh, 
where Di is the image of the map 

: Y{T[ n /3r'nA) — - Y(T[) x y(r^) 

Z I " {z,Ptz). 

Moreover, if for each i we choose some 7^ G Fi .such that pi G T2a^i, then we have a commutative 
diagram 



y(r;n/3-^ri/3.) — m)xm) 



(2) 



YiTi n a^iraa.) Y{Ti) x ^(rs) 
where the right-hand vertical arrow is the natural projection map. 

Proof. The definition of 7; implies that diagram (2) commutes, from which it is clear that Di is a lifting 
of C. By lemma 2.4.3, the Di arc distinct. 

It remains only to check that the union of the Di exhausts the preimage of C. Let P G C, and let 
P be any lifting oi P to H x H. Then we have P = (7iz,72a2;) for some 71 £ Fi and 72 G so 
P = (it;,72«7r '^)t where w = jiz G H. We have 72Q!7j7 G Fj/Sir'^ for some i G {1, . . . ,h}, so in 
particular the image of P in Y(r[) x ^^(rj) lies in Di as required. □ 

Lemma 2.4.5. Let T be a finite-index subgroup o/SL2(Z) and let ri,r2 be finite-index subgroups ofT 
such that T1T2 = r. Then, in the diagram of modular curves 



>"(rinr2) 



s 

Y{T2) r(r) 

where a, (3,^,5 are the natural projection maps, the two maps 0{Y{Ti))^ — > 0(y(r2))^ given by /?*oa* 
and 5* o 7^ coincide, and similarly the maps 0(y(r2))^ — > 0{Y{Ti))^ given by a■^, o (3* and 7* o 
coincide. 

Proof. Note that the hypotheses are symmetric in Fi and F2, so it suffices to show that /?* o a* = (5* o 7^. 
Moreover, since all of the morphisms in the diagram are surjective, the corresponding puUback morphisms 
are injective, so it suffices to show that 

/3* o o a* = /3* o 5* o 7^. 

Since the diagram commutes, this is equivalent to 

[P* ol3^)oa* = a* 0(7* 07,). 

However, the map (/3*o/3^) is given by the product over translates by coset representatives for (FinF2)\F2, 
and the map (7* 07^) is given by the product over coset representatives for Fi\r. However, since 
riF2 = F, the natural map 

(rinF2)\r2 ^ri\r 

is surjective. Thus these two quotients admit a common set of coset representatives, so the two maps 
coincide. □ 

Remark 2.4.6. One can interpret this more "categorically" as follows: our hypotheses imply that the 
diagram in the statement of the lemma is Cartesian (in the category of curves and dominant rational 
maps), so Y{Ti n F2) is birational to the fibre product of Y{Ti) and Y{T2) over Y{T). The symmetry 
of pushforward and puUback is then a general property of fibre products. 
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2.5. Motivic cohomology, higher Chow groups and the Gersten complex. We now recall the 
definition of the higher Chow group CH^(X, 1) of a variety X, and how it may be explicitly calculated 
using the Gersten complex. In this section k may be any field of characteristic 0. Let Var(fc) be the 
category of varieties over k, by which we mean separated schemes of finite type over k. Let Sm(fc) be 
the full subcategory of smooth varieties. Let A = Q or Z be the coefficient ring. 

Definition 2.5.1 (Voevodsky, cf. [MVW06, Definition 3.4]). Let X e Sm(fc), andp,q e Z with q>0. 
Define the motivic cohomology of X to be 

H%iX,A{q))^m!^jX,Z{q)®A), 

where 'Z{q) denotes Voevodsky 's motivic complex of sheaves on X, and ]HI|^j. denotes hypercohomology 
(with respect to the Zariski topology). 

Remark 2.5.2. 

(1) We use a slightly different notation than Voevodsky; the notation used in op.cit. is H"^'^ {X, A). 
Our choice of notation follows [Hu1)00] and [L('\'04]. 

(2) Note that H^{X, A{q)) is zero for p > inf(2g, q + dimX). It is not known to be zero for p < 0, 
since the motivic complex is not bounded below. 

We shall not use the definition of motivic cohomology directly; we shall rather use the fact that these 
groups are isomorphic to Bloch's higher Chow groups: 

Theorem 2.5.3. For any X G Sm(A:) and any p^q > 0, there is a natural isomorphsim 

HP{X,Z{q))^CR''{X,2q~p). 
Here, the higher Chow groups are those defined by Bloch. 

Proof. See [V()e(J2, Corollary 2] or [Le^•04, Theorem 1.2]. □ 

We also have an alternative description of these groups in terms of Quillen ii'-theory. We will actually 
be interested in the special case when p = i and q~ 2. Here, we use a result of Landsburg [Lan91]. For 
X smooth over a field, to > and < p < m, he constructs a map 

: CH"(X,TO-p) HnX,J(rm), 

where ,j(fm is the sheafification of C/ i—> K„i{U) on X. Here, Km denotes the m-th Quillen if-group. 

Theorem 2.5.4. The map '^m.p is an isomorphism for p = m — 1. 

Proof. See [Lau91, Theorem 2.5]. □ 

Remark 2.5.5. For p < m — 1 the map ^m,p may not be an isomorphism in general. As pointed out 
to us by Landsburg in a discussion on http://mathoverflow.net/. \i X = Spec(fc), then CH'"(X,to) 
is the Milnor /f-group K^ik) (by a theorem of Nesterenko-Suslin) and the map 4'r,i,o ■ (k) ^• 
H'^{X,J(fjn) = Km{k) is the natural map from Milnor to Quillen A'-theory, which is not generally an 
isomorphism for to > 2 (as is well known). 

Finally, we address the question of how to explicitly describe elements of these groups. 

Proposition 2.5.6. Suppose that X is a smooth variety of finite type over a field k. Then there is a 
resolution of the sheaf J(fm 

*- W {ix)*Km{k{x)) {ix)^Km-i{k{x)) ^ ... 

Proof. See [Qui73]. □ 
Corollary 2.5.7. The group H^(X,IC2) is the first homology group of the "Gersten complex" 
(3) Gerst2(X) : [] A'2(fc(a;)) — [J kix^ — U Z, 

where cP is the tame symbol map, and d^ maps a function to its divisor (cf. [Fla92, Section 2]). 
Combining the above results, we get the following statement. 
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Proposition 2.5.8. Assume that X is a smooth variety of finite type over a field k. Then we have 
isomorphisms 

i/^(Gcrst2(X)) = H^{X, JTa) ^ Cll^{X, 1) = iJ^i (X, Z(2)). 

We shall use these to identify CH^(X, 1) with {GcTst2{X)); it is the latter group in which we shall 
actually construct elements. 

Notation. We shall write Z^{X, 1) to denote the kernel of the boundary map in the Gersten complex 
Gerst2(X), so 

z\x,i) = 1^(^,0,) : a e x\^, e fc(c,)^^div(,^,;) = o| . 

This is a slight abuse of notation, since in Bloch's theory of higher Chow groups Z^{X, 1) is used to 
denote something slightly different (a certain subgroup of the codimension 2 cycles on X x A-'^ ) ; but we 
shall not use Bloch's construction directly in this paper, so this abuse should cause no confusion. 

Remark 2.5.9. We shall, in fact, construct an "Euler system" in the groups Z'^{X, 1) as X varies over a 
family of modular surfaces; that is, our compatibility properties will hold at the level of cycles, rather 
than just after quotienting out by the image of tame symbols. The groups Z^{X,1) are much easier 
to work with, as they have good descent properties: for a finite surjective map X ^ Y , the pullback 
Z^{Y, 1) ^ 1) is injective. 

This is, in a sense, analogous to the fact that in the construction of [I^at04] the compatibility properties 
of the Euler system in K2 of modular curves arc proved at the level of Ki ® Ki , before quotienting by 
elements of the form x (E) {1 ~ x). 

2.6. Zeta elements on Y{m,mN). We begin by defining elements of Z'^{Y{m,mN)'^ ,1), which we 
shall call zeta elements. 

Definition 2.6.1. For m,N > 1, the curve Crn,N,j ^ Y{m,mN)'^ is defined as the suhvariety 

'I 

,0 1, 



u,v : V 



For c > 1 coprime to 6mN , we define 

cZm.N.] = (Crn,N,jA) € (F(m, toA^)^ , 1) , 

where (/) G 0{C)^ is the pullback of cgo,i/mN along either of the projections Cm.N.j — > Y{m,mN). 
The first properties of these elements are the following. 

Proposition 2.6.2. The elements c2m,N,j have the following properties: 

(1) We have p* cZrn,N,j ~ cZm.N.-j, where p is the involution ofY{m,mN)'^ which interchanges the 
factors. 

(2) For c,d> 1 coprime to QmN , the element 

'~((o°)'(od)) ' cZm^N,j 

is symmetric in c and d. In particular, there exists a unique element 

ZmM.o G ^'(r(m,TO^)2,l)®Q 
such that cZraM,] = [c^ - (( ? ) ' ( c ))*] Z„i,N.j for any c. 



(3) We have 

'h 0\ fh 



for any b G {Z/mNZy 



1/ ' VO 1 



cZrn,N,j — cZjyi.N .b^'^ j 



Proof. Part (1) is obvious, and part (2) follows immediately from the fact that the Siegel units cga,p 
satisfy 

{d^cga,p — cgda.dfi) ~ {(? dgajj — dgca,cfl) 

for any a,/3 € jjZ/Z~ {(0,0)} and any c,d> 1 coprime to QmN (cf. [Kat04, Proposition 1.3(2)]). We 
may then define Zm,N,j ~ (c^ — \)~^ cZm,N,j for any c > 1 congruent to 1 modulo mN . 
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Property (3) follows from the identity (^Q ij ^ i^O 1 J i^O ij ' 

2.7. Generalized Beilinson— Flach elements. The Beilinson-Flach elements of [BDR12] are elements 
of CH^(Yi(Af)^, 1) defined as (A, 0), where A is the diagonal and is a suitable modular unit on A. Our 
generalization of this is motivated by the observation that one can recover the twists of a modular form 
by Dirichlet characters modulo m from the "shifted" forms f{x + a/m) for a e (Z/mZ)'^; this is also 
the idea underlying the construction of the p-adic L-function of a single modular form using modular 
symbols. 

Lemma 2.7.1. Let ra,N >\ with m?N > 5, and j G Z. Then there is a unique morphism of algebraic 
varieties over C, 

Kj : Yi{m^N) (g) C ^ Yi{N) ® C, 

such that the diagram of morphisms of complex- analytic manifolds 

z i-^ z + j Im 
H H 



Yi{m'^N){C) ^ ► Yi{N){C) 

commutes. The morphism Kj is defined over Q{fJ.m), cmd depends only on the residue class of j mod m. 

Proof. The existence of such a map at the level of quotients of H follows immediately from the inclusion 
of matrix groups 

J f ) ri(m27v) (^J "™)cri(iv). 

However, in order to descend to an algebraic morphism over Q{fim) we use the canonical models above. 
We first consider the map Y{m?N) — J- Y{m,mN) which maps (i?, 61,62) to {E/{me2), [mA'^61], [62]). 

This factors through the quotient by the subgroup : m = 1 mod toZ, which we have identified 

with Yi{m'^N) ® Q(/im). This map is compatible with z 1— > mz on T-L. We now consider the composition 

Yiim'^N) X /i™ Y{m,mN) Y{m,mN) Yi{N) x 

where tm is as in Definition 2.1.6. All three morphisms are maps of Q(/im)- varieties (i.e. they commute 
with the projection maps to fim)] and on the fibre over Cm G /i,„(C) they correspond to z t-^ mz, 
z 1-^ z + 7, and z 1— > z/m, so the composition corresponds to z 1— > z + j /m. □ 

Definition 2.7.2. For m.,N,j as above, let Lm,N,j be the map 

(l,Kj) : Yi{m^N) x ^™ ^ Yi{Nf x 
and Crn,N,j the irreducible curve in Yi{NY that is the image of Lm.N.j- 

We shall now use these curves Cm,N,j to define a class in CH^(li(A^)^ x 1), using the presentation 
of the latter group given by the Gersten complex. 

Definition 2.7.3. Let N > 5, m > 1, j Cz Z/rnZ as above. Let c > 1 be coprime to 6mN and let 
a e Z/rn^iVZ. We define the generalized Beilinson-Flach element 

cS™,W,,,a e CR^YiiN)^ ® Qiflrn), 1) 

as the class of the pair 

) e Z^{Yi{Ny X ^„,1). 
When a = 1 we drop it from the notation and write simply c'^„i,N,j- 

The following proposition shows that these zeta elements are simply the "Yi-versions" of those defined 
in the previous section. 
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Proposition 2.7.4. The generalized Beilinson-Flach element c'^m,N,j,a is the pushforward of the element 
along the map tm 'x tm '■ Y(ni,raNY — >■ YiiN^ x /^m introduced in §i?.i. 

Proof. It is clear from the construction of the map Km.N.j that Cm.N.j is the image of Cm,N,j under 
tm X tm- So it suffices to show that the pushforward of cgo,i/m'^N from Yi{m'^N) CgiQ(/^rn) to Y{m,mN) 
along the map constructed above is cSo.i/mTV- 

Let U be the subgroup of GL2(Z/to^A^Z) consisting of elements [ ^) which satisfy c = 0,c? = 



c d J 

1 mod rn^N and a = 1 mod m (and 6 arbitrary). This is clearly contained in the subgroup U' of elements 
satisfying a = 1 mod m, c = mod and d = 1 mod mA^, and a set of coset representatives for U /U' 
is given by the matrices 

Hence the pushforward of c9o,i/m^N from U\Y{m'^N) to U'\Y{m^N) is given by 

n (o l+lnNt) =50.1/™'W = n c.90,l/m2jv+t/m- 

By Proposition 2.2.2(2), this is equal to (c.go,i/mAr) • However, conjugation by ( ^ ^ \ sends ?7' to 
the subgroup = I Jj) : ^ J ^ J IJ^^)] ^j^^^ | , and we have C/"\y(m2Ar) = y(m, mTV). □ 

We now record some properties of the generalized Beilinson-Flach elements. 

Proposition 2.7.5. The elements above have the following properties: 

(1) The element c^m,N,j,a only depends on the congruence class of a modulo mN (not m^N). 

(2) The involution ofYi{Nf ® Q(Mm) 

given by switching the two factors interchanges c^m.N.j and 

(3) For q e (Z/mZ)^, we have a* {c^m,N,j,a) = c'^m,N,q-^],a, where aq € Gal(Q(/i„i)/Q) is the 
arithmetic Frobenius at q. 

(4) For any r G (Z/mNZ,)^ , we have 

where k = r'^^j G Z/mZ, d is the image of r in (Z/NZ)^ , and {d x d) denotes the action on 
YiiN)"^ ® Qiprn) of the element 

(5) For c,d coprime to 6m N , the expression 



d\.E 



c — '771, NJ. a c^777-,N,j,da 



is symmetric in c and d. In particular, there exist well-defined elements ^7n,N,j,a S CH^(Yi(A^)^ 
), 1) ® Q such that we have 



Proof. After Proposition 2.7.4, parts (1) and (2) are immediate. The remaining statements follow from 
Proposition 2.6.2, together with the fact that tm intertwines the action oi {^^) on Y{m,mN) with the 
arithmetic Frobenius ad on Yi{N) x fim (Proposition 2.1.7(2)). □ 
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2.8. Cuspidal components. In the preceding sections we have constructed elements of the higher 
Chow groups of affinc surfaces. In order to be able to apply results on regulator maps, it is convenient 
to have elements of Chow groups of projective surfaces instead. We shall show that this can be achieved, 
but not in a canonical way, and only at the cost of tensoring with Q. 

Theorem 2.8.1. Let N,m,j he as in Definition 2.7.3. Then the element Em,N.j o/ CH^(yi(iV)^ (g) 
Q(/i,„), 1) (X) Q is in the image of the puUback map 

CH2(Xi(iV)2 ® Q{fi^), 1) ® (Q ^ CR\Yi{N)^ ® 1) ® Q 

induced by the open embedding Y\ (N) ^ Xi (N) . 

We will actually prove a slightly more precise statement, see Proposition 2.8.5 below. 

Recall that we constructed c^m.N.j as the class in CH'^(Yi(iV)^ (X) Q(/im), 1) of an explicit element 
of Z^(Yi(A^)^ (g) Qium), 1), which we shall temporarily denote by c?)m,jv,j- It is clear that we may also 
regard JQm,N,j as an element of Gerst2(Xi(A^)^ (g) Q(/im)), whose divisor is not necessarily trivial, but 
is supported on the cuspidal locus. 

We will need a preparatory lemma. Let K be any number field. 

Definition 2.8.2. We shall call an element of Gerst2(Xi(A^)^ (g K) negligible if it is supported on a 
finite union of curves of the form {c} x Xi{N) or Xi{N) x {d} for points c,d £ Xi(N)\Yi{N). 

Remark 2.8.3. Here by "point" we mean a 0-dimensional point of Xi{N)\Yi{N) considered as a K- 
scheme, i.e. a Gal(iir/i^)-orbit of points in the naive sense. Note that this is slightly more restrictive 
than the definition of "negligible" in [BDR12]. 

Before proving the theorem, we will need the following preparatory lemma: 

Lemma 2.8.4. Let K be any number field and let u,v,x,y be cuspidal points of Xi{N)®K. Then there 
exists a negligible element in Gerst2(Xi(A^)^ ® K) ® Q with divisor {u, v) — {x, y). 

Proof. By the Manin-Drinfcld theorem [Dri73], there exist elements f,g E 0{Yi{N) (E) K)^ (E) Q whose 
divisors arc v — y and u — x, respectively. The the element 

i{u}xX,iN),f) + iX,iN)x{y},g) 

has the required property. □ 

We can now prove the following proposition: 

Proposition 2.8.5. Let N,m,j,c be as in Definition 2.7.3. Then there exists an integer r > 1 and a 
negligible element O such that 

Proof. Recall that im,N.j is the map 

t™,jvj = (1, «j) : Yiim'N) ^ Yi{Nf, 

where Kj is induced from the map H ^ H given hy z i-^ z + It follows that, if we regard J^m,N,j 
as an element of Z'^{Xi{N)'^ (g) Q(/i„i),l), then Div (cSJjm^Arj) is a linear combination of divisors of 
the form (ci,ci + ^) — (c2,C2 + ■^). But Lemma 2.8.4 implies that there exists a negligible element 
8 G Gerst2(Xi(7V) (g Q{fi,n)) such that Div(e) = Div (c2)m,Arj). Then the element 

cX™,Wj := cVrn,N,j " 6 G Z\Xi{Nf (g Q{^lrn), 1) ® Q 

has the required properties. □ 

This clearly implies Theorem 2.8.1. 
Remark 2.8.6. 

(1) Note that the negligible element Q is not uniquely determined. However, as we will see below, 
this will not matter for the evaluation of the element via the Beilinson or the syntomic regulator. 

(2) Since Xi{N)'^ and Yi{N)'^ have the same rational function field, any clement of CH^(Xi(A^)^ (g 
Qifim), l)®^ hfting c^m.Nj is necessarily the class of an element of Z^{Xi{N)'^ (EQ{^J.m), i)(EQ 
differing from c^m.N.j by a negligible element. 

(3) Since there arc only finitely many cusps on Xi{N), the constant R may be chosen to be inde- 
pendent of c, m and j, although it may of course depend on N. 
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3. Norm relations for generalized Beilinson-Flach elements 



3.1. The first norm relation: varying N. Wc now consider the relation between the zeta elements 
at different levels N (for fixed m and j). 

Theorem 3.1.1 (First norm relation). Let a be the natural projection Y(rn,mN') — > Y{m,mN), where 
N and N' are positive integers such that N \ N' . 

(1) //prime(Af') C prime(77iiV), the pushforward map 

(a X a)* : Cll^{Y{m,mN')^ ,1) GU^ {Y{m,mN),l) 

maps cZm,N'.j to cZm,N,j- 

(2) If N' ^ Ni, where i\mN is prime, then 









where 



(a X a), {c2m,Ni,j) = 
(^0^ ^Pi ^ is considered as an element o/ GL2(Z/7niVZ 



Proof. It is clear that the map a commutes with the action of ( q ^ ) , so we have {a x a){Cm,N',j) — Cm,N,j', 
more precisely, we have a commutative diagram 

Vf AT'\ 1 )) 

Y[m,mN ) ► C,n,N\j 



a X a 



Y{m,mN) Lm,N,i- 

From Theorem 2.2.4, we know that if prime(77iiV') = prime(mA'^), then a* (c.9o,i/mAf') = c<7o,i/mJVi so 
part (1) of the theorem follows. For part (2), we deduce from the second part of Theorem 2.2.4 that 

(a X a)* {cZrn,N',j) ~ cZrn,N,j — c2,„^7v, "f " i" i 

where we write cZm,N,j,a for the element formed with cSo.a/mN in place of cgo,i/mN- However, we have 

_ ( e.-^ ^ * 

as elements of 0(Y{m, mN))^ , and the action of (^^^^ ^ evidently commutes with that of ( p j ) . □ 



We now deduce a compatibility relation for zeta elements on Yi{N)^ 



Theorem 3.1.2 (First norm relation on Yi(N)). Let a be the natural projection Yi{N') — > Yi{N), where 
N, N' are positive integers such that N \ N' . 
//prime(mA^') = prime(77i7V) then we have 

{a X a)* (cS„i,Ar'j-) = c'^m,N,j- 

If N' ~ £N where £ \ mN , then we have 

{axa),{,-^m,N',j)= [l-((^-i),(ri)) 

where denotes the arithmetic Frobenius at I. 



J c^m,N,j-j 



Proof. This follows immediately from Theorem 3.1.1, since the map '!Tm,N ■ Y(m,mN) — > Yi{N) x fim 
intertwines (^^^ o) with the diamond operator {£), and (q j*) with the Frobenius ae- □ 



EULER SYSTEMS FOR RANKIN-SELBERG CONVOLUTIONS OF MODULAR FORMS 



15 



3.2. Hecke operators. We define Hecke operators, following [Kat04, §§2.9, 4.9]. Let ^ be prime, and 
M,N > 1 (we allow i \ M or £ \ N). Wc define a correspondence on Y{M,N) as follows. We have a 
diagram of modular curves 

Y{M{i),N) 




Y{M,N) Y{M,N), 

where tti is the natural degeneracy map, corresponding to the identity on H, and tt2 is the "twisted" 
degeneracy map, corresponding to z t-^ z/i on %. (In the notation introduced in the proof of Theorem 
2.2.4 above, tti was denoted prj^, and tt2 is the composite of ipj"^ : Y{M{£),N) — > Y{M,N{£)) with the 
natural projection Y{M,N{e)) Y{M, N)). 

We denote the correspondence (7r2)*(7ri)* by if £ f MN, and by if £ \ MN. We denote the 
operator (7ri)*(7r2)* by Te (resp. Ue); these latter operators Te, Ui are the familiar Hecke operators of 
the transcendental theory, but it is the TL Ui that will concern us most here. 



3.3. The second norm relation for £ \ N. Our goal in this section is to prove the following theorem: 

Theorem 3.3.1 (Second norm relation, £ \ N case). Let m> 1,N > 5, and £ a prime dividing N. Let 
Ti denote the degeneracy map 

Y{m£, m£N) ^ Y{m, mN) 

of Definition 2.1.6, compatible with z ^-^ z / £ on %. Then for any j G (Z/i?mZ)^, and c > 1 coprime to 
6£mN, we have 



{t£ X Ti)^ {cZhn,N,j) 



cZm,N,j) 



if £\m, 



where A( denotes the action of any element o/ GL2(Z/mA^Z)^ of the form 
X — £ mod TO. 



X 
1 



X 
1 



with 



Wc shall prove Theorem 3.3.1 below. First, we note that it implies the following property of the 
generalized Beilinson-Flach elements cSm.ATj on YiiN): 

Theorem 3.3.2 (Second norm relation on Yi(iV), £ \ N case). Let m > 1, N > 5, £ a prime dividing N, 
j e (Z/^toZ)^, and c G (Z/fmiVZ)^. Then we have 



normf;" (^S^ 



{U'l xU'/,- ai) (cS„,,7vj) if t\m, 



where norm^ denotes the Galois norm map, and ag, for £\m, denotes the arithmetic Frobenius at £ in 
Gal(Q(/i™)/Q). 

Proof of Theorem 3.3.2 (assuming Theorem 3.3.1). It is easy to see that the map t^ ■ Y(m,mN)'^ 
Yi{N)'^ ® Q{fim) commutes with the actions of {U'g, U'g) on both sides, and intertwines the action of 
with the arithmetic Frobenius cri. □ 

Proof of Theorem 3.3.1. Since we are assuming £ \ N, let us write N' = N/£. We have the following 
commutative diagram of modular curves: 

Q; nr 
Y{£m,£mN) Y{£m,mN) Y{m{£),mN) 





Y{m,mN) 



Y{m,mN). 
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Here a is the natural projection Y{£m, £mN) — > Y{£m,imN') = Y{£m,'mN), and pr is the natural 
projection map. Consequently, we have a commutative diagram of surfaces 



Y{em,£mN) 



o a X a , , o pr X pr 
2 ^ Y{£m,mN)^ ^ 



Y{m{£),mN)'^ 




TTl X TTl 



Y{m,mN)^ Y{m,mNf. 

Applying Theorem 3.1.1, we see that {a x a)^.cZim,N,j — c2im,N',j- Since Y(m{£)^mN)'^ is the 
quotient of Y{£m,'mN)'^ by the subgroup 



X 
1 



X 
1 



X G Z/^toZ, = 1 mod 



Thus we have 



(pr X pr)*(pr x pr)* {cZ. 



em,N',j) 



im,N' ,xj • 



x—1 mod m 



Let US now compute (pr x pr)*(7ri x tti)* cZm.N.j- Since Y{m,mNY is the quotient of Y{£m,mNy 
by the group 

''^ y\ '^W ?/, z € Z/^mZ, a; = 1 mod m, 

^0 1 j ' VO y)'v,z = Q mod m 
we see that the preimagc of Cm,N,k is the union of the curves Ctm.N'.k, for k g Z/£mZ congruent to j 
modulo m, each of which is isomorphic to Y(£m, mN). By counting degrees, they must be distinct. The 
modular units cffo.i/mJV ^^'^ c9Q,i/imN' coincide, and thus we have 



(pr X pr)*(7ri x tti)* cZ^^n ,j = 



feGZ/£mZ 
k—j mod m 



,N',k- 



By hypothesis, j is invertible modulo £m. Thus if ^ | m, the sets {xj : x = 1 mod m} and {fc : k 
j mod to} coincide, and since (pr x pr)* is clearly injective, we conclude that 

(pr X pr)* (cZim.N'j) = (t^I X T^l)*cZm,N,j- 

Applying {tt2 x 772)* gives the result in this case. 



If £ I TO, there is exactly one lifting Jq of j to Z/£mZ which is not a unit. The matrix 



1 JO 
1 



normalizes the subgroup of GL2(Z/toA^Z) corresponding to Y{m{£),mN), and thus defines a curve A 



in Y{m{£),mN)'^ which is isomorphic to Y{m(£),mN), consisting of points {u,v) with v ~ 
and we have 

(tTi X T^y)* cZm,N ,j = (pr X pr)* (c2£m,Ar'j) + (-4, cffo.l/mAf)- 

The image of A under 1x2 is C,„ jv,£-ijo' moreover, we have a diagram 

Y{m{€),mN) — ► A 



1 Jo 
1 



71'2 



7r2 X 7r2 



y(m, miV) 



We claim that (t:^)* {cgo,i/niN) = cgoA/mN- However, (7r2)*c5oa/mN is the pushforward of (^^ (c5o,i/mAr) G 
0(Y{m,mN{£)))^ along the natural projection 0{Y{m,mN{£)))^ — > 0{Y{m,mN))^ , and the distri- 
bution relation of Equation (lb) shows that the pushforward of (cffo.i/mAf) is cffo.i/miV: a-s required. 
Hence € Z2(r(TO(£),miV)2,l) is 

{tT2 X 7r2)*(.4, c50,l/?rijv) = (Cm,Ar,«-ijo'c50,l/mAf) = c-Z„j^7v,^- ijo ~ {cZm,N,j) , 

as required. □ 
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3.4. The second norm relation for p | mN. For the remainder of this section, we shaU assume that 
> 5, m > 1, 7 G Zi/m'Ij, and p is a prime such that p \ mN. Our aim is to prove the foUowing theorem: 

Theorem 3.4.1. We have 

k—j mod m 

+ {{p~')t;, {p-')t;) af p 

We begin by rewriting the T'^ terms using a related Hecke operator S'^. 

Proposition 3.4.2. As elements of the Hecke algebra ofTi{N), we have T'^ ~ S'p + {p + l){p~^)Rp, 

where S' is the double coset of { ^ , and R„ is the double coset of „ 

P \0 1 J ^ \0 pj 

Proof. This is a simple computation from the definition of multiplication in the Hecke algebra. □ 
Since Rp acts trivially on everything in sight, we the formula of Theorem 3.4.1 can be written as 

(4) J2 '^^^r.p^N.k = ( ((T;,r;) - ap-pi{p-'), {p-'))a-') (l + {{p-'), {p-')) a-') 

k—j mod 7n 

- [i{p-'),S'p) + iS'p,{p~'))]a;'),E„,,N,,. 

3.4.1. Evaluation of {Tp,Tp)c'Ejn,N,j ■ First we shall make a careful study of the operator {Tp,Tp). 

Proposition 3.4.3. If G ~ SL2(Z/pZ) and B is the lower-triangular Borel subgroup, then B\G/B has 
exactly 2 elements, B and its complement (the "big Bruhat cell"). 

Proof. Well-known. □ 

Corollary 3.4.4. Let T be any congruence subgroup of SL2(Z) of level prime to p, and let a € SL2(Q) 
be integral at p. Then the double coset TaT is the union of exactly two double cosets of V = T D 
r°(p), corresponding to those elements whose reductions modulo p land in the two double cosets of B in 
SL2(Z/pZ). 

Proof. This is a consequence of strong approximation for SL2(Z). Since F has level prime to p, it surjects 
onto SL2(Z/pZ). Hence we may assume (by left or right multiplying a by an appropriate element of F) 
that the reduction of a modulo p is the identity. 

We first note that F n a^^Ta is also a congruence subgroup of level prime to p, so (by the strong 
approximation theorem) we see that F\F' admits a set of coset representatives lying in F H a~^Ta and 
thus FaF = FaF'. 

Now let X = jay G FaF'. We consider the reduction a; of a; modulo p. If this lies in B, then (since a 
and 7' arc in B) wc must have x € B and hence 7 G F'; thus x G F'aF'. 

On the other hand, let fi be any element of F which is not in F°(p). li j ^ B, then 7 G BftB; so 
there is some cr G F n a^^Ta n F°(p) such that 7 G Bpa. So j(j~^p,~^ G B and thus 7 G F'/icr. Hence 
X G F'^craF'; but a^^aa G F' (since by hypothesis a = 1 mod p and thus conjugation by a fixes r'^{p)) 
and thus a; G F'/xaF'. □ 

Corollary 3.4.5. The preimage tTi^ {Cra,N,j) ^ H F*^(p))^ consists of exactly 2 components: 

one is Dm.N.k where k is the unique lifting of j to TLjmpTL which is zero modp, and the other is Dm,N,k 
where k is any lifting of j to TLjmpTL which is a unit modulo p (the resulting curve being independent of 
the choice of lifting). 



Proof. It is easy to see that the preimage of Cm,N,j in H x H is exactly the set of {u, v) such that 

fl i/m\ 

V = ■yu for some 7 in the double coset Fi(iV) I ^ ^ 1 Fi(Af). The above proposition describes the 
decomposition of this set into double cosets of Fi(iV) n F°(p), hence the result. □ 
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For any k lifting j (unit or non-unit), we may erect the following diagram of modular curves: 



Y(Ti{mpN)nT°{mp)) 



y(ri(mAr) nr°(m) n Uk) 



y(ri(miv) nr°(m)) 





Here Uk is the preimage in SL2(Z) of the subgroup 



Bn 



1 k 
m 



B 



1 k 
m 



Bn 



1 k 
1 



B 



1 k 
1 



(The equality follows from the fact that conjugation by ( ^ ^ ] fixes B.) This subgroup is just B if 
k G pTj; otherwise it is the subgroup 



w-i 

k^^{u — u^^) u 



which is a maximal torus in SL2(Z/pZ). As in the p \ N case considered above, the square at the bottom 
left of the diagram is Cartesian. The maps a, pk and tti arc the natural projection maps, and the 
remaining maps are defined by 



^m,N,j 
''mp,N,k 
7I"2 

Afc 



z 

Z 



\rri^ rri J 
i z z-\-k 
\ mp ' mp 



Z H> 



z z-\-k ^ 



Definition 3.4.6. Let a and b be the unique elements ofZ/pmZ congruent to j modulo m and such that 
a = mod p and b = 1 mod p. 

An application of 2.4.5 shows that we have: 

Corollary 3.4.7. For any a e TLjm'N'L, we have 



{Tp,Tp){c^m,N,j,a) — {Cmp,N,a, {t^2 ° ^a)*c9o,a/mN) + {Cmp,N,b, {t^2 ° ^b) * cgo,a/mN) 



(It is convenient to allow a ^ I here, for reasons that will become clear below.) 
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We first consider the term for a. Here we have Ua = r°(p), so ri(miV) n r°(m) nUa ^ Ti{mN) n 
r°(mp). Since p \ a, we see that 7r2 o Aq can also be expressed as a composition 

Y(Ti{mN)nT°{mp)) 



(5) 



z I— > z/p 



Y{Ti{mN)nT°{m)) 



where "p is the inverse of p in Z/mZ. 



Proposition 3.4.8. The pushforward of cgo,a/mN to Y(Vi{mN) H r'^(m)) along the first map in (5) is 

cgo.a/viN ■ (c3o/'p-i "a/,„jv) ' 

Proo/. See [Kat04, 2.13.2]. □ 
The second map in (5) is just t' ,, „_,„., so we deduce that 

i: \ / .J m,N, p J 

(Cmp,Ar,a, (7r2 O Aa)*c50,Q/mJv) = (^m, "p~ i" a ' (C, AT, "p" i" j )* (c50,a/mAr ' (c5o, "p-i"a/mAr) ) 

Corollary 3.4.9. For any a E (Z/toA^Z)^ , we have 

{iTp,Tp) - ap-p{{p^^), {p^^))ap^) c^m,N,],a = {Cmp,N,b, {-^2 ° h)* (c50,a/mAr) ) ■ 

In particular, 

((t;,t;) - <jp-p{(p-'), {p-'))a;') (1 + ((p-i), (p-i)) ,s,„,^,, 

Proof. The first formula is immediate from (5) and the evaluation of the Cmp,N,a term above. The second 
formula follows by summing the first formula for a = 1 and for a = p^^. □ 

3.4.2. Evaluation of the norm term. We want to compare the right-hand side of the formula in Corollary 
3.4.9 with the sum of the c'^mp,N,k for all unit liftings k of j. To do this, we shall use the fact that all 
the terms c^mp,N,k may be written as the pushforwards of modular units on the same modular curve 
Cmp,N.b- More precisely, if k and £ are liftings of j to Z/mpZ which are both units modulo p, we have a 
diagram 



n 



cy-M 



n 



Y{ri{mN) n r°(?n) n Uk) — <- Y{ri{mN) n r°(m) n Ui) 



Afc 



D 



7n,NJ 



D 



m,N,k 
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where aM is any matrix of the form ^ with v G mNZ congruent to j: — j modulo p. 
Consequently, we can write c'^mp,N.k = (Cmp.N.b, {t^2 ° h)*fk), where 

We may regard 0{Y{Ti{mpN) n T^{rap)))^ as a SL2(Fp)-module in the obvious way, since Ti{mpN) n 
r°(mp) is the kernel of the surjective reduction map Ti{mN) nr"(TO) SL2(Fp). With this convention 
we have 

(Pfe)* (cffO,l/mpAf) = W u) ^90,l/7npN 



and thus 



- u-^) will- k-^ 1 



A= n 



cgoS/mpN 



Let iiT be the set of possible values of k, i.e. the set of elements of TjjmpTj congruent to j modulo m 
and not divisible by p. Then as k varies over for each fixed u, the expression u — fc~^u~^ takes every 
value in Fp exactly once with the exception of u, since k~^u~^ takes every value except 0. So 



rr ~ IT cQvo/rnpN ,ui/mpN ■ 



Here by xi and xq for a; £ Fp we mean any element of 'L/mpN'L congruent to x mod p and to 1 (resp. 
0) modulo mN . 
We find that 



(6a) n 

c9vo/mpN,ui/mpN — c90.1/mN 



(6b) n 

cgvo/mpN,Oi/mpN — (n j cdO.P/mN 



p 

ta\ TT _ ( 1 TT - f fP ^\ 

lOCj J^J^ cguo/mpN,ui/mpN — I ^ 11 c9f),ui/mpN — K Iq 1/ '^90,l/mN 

(6d) cgOo/mpN,Oi/mpN — cgo,p/mN 

where /? is the inverse of p in Z/mA^Z. 
Combining the above, we have 

(7) ^ cSmp^AT^/c = (^Cmp,N,b, (71'2 ° Afc)* (c5o,l/mJV ' c50,^/miv)) 

fceZ/mpZ 
fc— J mod m 
p\k 

- (^mp,N,b, {■^2 O Ah)* c50,/3/mAr^ 

Lmp,Ar,b, (,7r2 o Abj* I I 1^ I cffO,l 



Combining the first term on the right-hand side of (7) with Corollary 3.4.7, we see that Theorem 3.4.1 
is equivalent to 
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Proposition 3.4.10. We have 



1 
lo 1 



p 
1 



cgoA/mN 



3.4.3. The first term in Proposition 3.4-10. Wc now calculate how S'^ acts on c'^m,N,j- We may describe 
the correspondence S'p in terms of the subgroup Tq{p) ~ To{p) H r°(p); we have S'^ = (7r2)*(7r'j)*, where 
n'l and ttj are the two maps from Yi(ri(A^) n rQ(p)) to Yi{N) given hy z i-^ pz and z n- z/p. 

An application of the strong approximation theorem shows (as usual) that the preimagc {tt[ x 
'^)~^Cm,N,j C Yi(ri(iV) n r[5(p)) x Yi{N) is the single curve Fm,N,j given by the set of points of the 
form ( - , z + ^ I . 

y p ' ml 

Applying Lemma 2.4.5 once more, we have a Cartesian square of curves (up to birational equivalence) 

r(ri(miv) n r"(m) n v^ip)) 



y(ri(mA^)nr°(m)) 




Cm,N,j 

The functoriality of pushforward maps gives the following: 
Proposition 3.4.11. We have 




where <j) is the map 



y(ri(m7V) n r°{m) n rO(p)) ^ (tt^ x i)f„,,n,j c Yi{n)' 



P£+l 
\ mp ' m 

We first identify the curve (ttj x l)F,n,N,j- 

Proposition 3.4.12. We have (tTj x l)Fm.N.j = (1 ^ {p))^^Crap,N,k, for any integer k congruent to 
p~^j modulo m and not divisible by p. 

More precisely, if k = 1 mod p, and ^" is a suitable element o/SL2(Z) which we shall construct below, 
then there is a commutative diagram 

Y{ri{mN) n r°(m) n r'^{p)) ^ Y{Ti{mN) n r°(TO) n Uk) 



( pz+j 
\ mp ' m 



Y.iNf 



(1 X (p)) 



^ 1^ z±k 
\ mp ' mp 



Yi{N)\ 



where Uk is the level p congruence subgroup from the previous section. 

Proof. We note the following matrix identity, which is easy to verify (although tedious to find): for any 
elements p, x,y oi a field F, we have 
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In particular, taking F = Qp and x,y e Z^, we see that the double cosets of SL2(Zp) in SL2(Qp) 



generated by 
Since both 



1 x/p 
1 

p y/p 

l/p 



and 



p y/p 

l/p 



are equal to each other and independent of x and y. 



and its inverse have entries in -Z„, it follows that 



1 x/p 
1 



for any 7 G SL2(Zp) congruent to 
matrix to lie in 



1 

—p/x 1 
1 + pljp Ijp 
—p/x+p^Ijp l+pZp 



modulo p^. (In fact, one can check that it suffices for the 



If X, y arc in n Q, and wc choose 7 to be in SL2(Z) and congruent to |^ ^ modulo p , then 

the matrix 

-1 



1 







7 



1 



7 



l/p 



will be in SL2(Q) and will be p-adically integral. If we choose 7 to be ^-adically close to the identity for 



1 x/p\ (p y/p 
l/p 



1 



7 



l/p {px - y)/p 
p 



some prime t ^ p, then 7' will be £-adically close to 

So if x, y e Q are units at p and satisfy y = px mod 1, we may choose 7, 7' G SL2(Z) such that: 
• 7 e Tiim'^N), 

(mod p^). 



7 = 
7' = 

the identity 



1 

—p/x 1 

l/p 



(mod iV), 



1 x/p 
1 



7 = 7 



//'p y/p 



holds. 



We now take y = j /m, and x = k/m for any k congruent to p^^j modulo m and invertible modulo p. 
Then we obtain a commutative diagram 



n 



z^ {z,p'z + ±] 



or equivalently 



n 



(1 X ip)) 



Z M> 



(z,z+^) 

\ ' mp J 



Z \^ ^ Z 



n 



where 7'' 
to 



P£±I 



11 (iV)' 

TOP 0\ / mp 0\ 



(1 X (p)) 



mp ' mp 



yi(iv)^ 



V ' V 1 



Note that 7" is in Ti{mN) Ci T'^(rnp), and is congruent modulo p 



1 

-I /rax 1 



1 

-l/k 1 



In the preceding diagram, the left vertical map factors through Y{Ti{raN) n T^{m) n T'q{p)), and 7' 
conjugates this onto ri(TOA^) n r°(mp); so we finally obtain the diagram stated in the proposition. □ 
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Corollary 3.4.13. In the notation of the preceding subsection, we have 



cgo,l/mN 



Proof. This follows from the previous proposition (and its proof), since the right-hand vertical map in 
the diagram of the proposition is the same as above, and (7")^^ represents the coset □ 



3.4.4. The second term in Proposition 3.4-10. Now we are left to analyse the operator (1, S'^). To simplify 
the analysis we shall also consider the operator Sp given by {t^'i)*{i^'2)* (rather than S'^ = (tt^* (tt^)*); 

this is the operator associated to the double coset and is related to 5*^ by the formula 

S'p = ip-^Sp. 

Again, wc find that the preimage {t^'2)~^ Cm. N.j in Yi{N) x y(ri(A^) n rQ(p)) is a single irreducible 
curve Fm.N.j given by points of the form {z,p{z + j/m)). 

Proposition 3.4.14. We have 

(1, "S'p) (c5,„,Arj,Q,) = ^(1 X 7r[){Fm^N,j),4>* ^ c90,a/mN^ , 

where the morphism (j) is defined by 

YiTiimN) n r°(m) n rEJ(p)) ^ Yi{Nf 

y 7np ' m / 

Proof. Closely analogous to the previous case. □ 



We also have a matrix identity 

P 

1 



1 

-£ 1 



p py 

4 P + ^Ao I 



from which wc may deduce that if x, y are rational numbers which are units at p and such that x 
py mod 1, there exist 7,7' G SL2(Z) such that: 

• 76 Ti{m^N), 

• 7 (^}p (modp2)^ 

• the identity 

'I 



p \ , p py 

fj^^no I 



holds. 



7' is congruent to ( „ | modulo N . 
\0 pj 



Thus the diagram 



z ^ {z,p'^{z + y)) 



Yi{Nf 



z ^ ^z 



(1 X (p)) 



z I— > (z, z + xjp^ 
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commutes. We take y = j /m, and x ~ k/m where k is congruent to pj modulo m and not divisible by 
p. Letting 7" = ^ j 7 'j* j as before, we have the diagram 



H 



n 



\ mp ' m 



(1 X (p)) 



y mp ' mp 



Again, this shows that (1 x TT'i){Fm^Nj) = (1 x {p)) '^Cmp,N,k- If we choose A: to be 1 modulo p, then 
the right vertical map factors through ri(mA^) H r'^(m) H Uk, and the isomorphism between the two is 

given by 7", which is in V,i.^N) n V^ip) and thus acts trivially on (j «) Thus we have 



( 1 7 ) '^p ' 



m,N,j,a = (1 X (p))* (^C„ip,N,b, {t^2 ° ^b)* 



1 

Q p j cgo,a/mN 



Taking a = /3 (the inverse of p modulo mN), and using the formula c^m,N,j,t ~ i{t), {t))o'tc'Em,N,j, 
we see that 



Crap,N,b, (71'2 O Af,)* ( ^ | cffo,^/ 



(0 p) =fO,^/™JV^ = (I7 (P ^>)(l,'S'p)c5„i,Ar,/3j,,3 



= ^>)(l,(P>^5pcrpc^m,Arj\/3 

as required, completing the proof of Proposition 3.4.10 and hence of Theorem 3.4.1. 

3.5. The second norm relation: higher powers of p. We shall also need to know how to calculate 
normPj™ cSpfcm^jVj" for k = 2,3. This is less central to our theory than the k = 1 case, but it will 
be needed in order to compare the elements we construct for TV coprime to p with their "p-stabilized" 
versions. 

Theorem 3.5.1. Forp\mN we have 
norm™P (cS„p2^^,,) = {Tp,Tp)c'E.jnp.N,j 

+ {p{{p-'), ip-')) i{p)-\ [T'pf ] {{T'p)\ {P)-') 

+ 2((p-i)r;, {p-')T;)a;' -pUp-'), {p-'))ct;'),e^,m,, 

and 

+ [piip-'), ip-')) {{p)-\ {T'^f) - ((T;)^ 

+ Up-'), {p~')) (2(t;,t;) - {{{p}-\ + ((t;)2, n ,s 



Recall the operator 5*^ which appeared above, satisfying S'^ = (T^)^ ^ {p+ In terms of these 

operators, the formulae we wish to prove are 



norm. 



mp j 



+ {-iP + 2)((p-i), (p-i)) - {{p)-\s;) - (5;, ip)-') 

+ ((p-i), {p-'))a^' (2(T;,r;) (p-i))c7p i) ),s„,^,, 
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and 



norni™^2 {c^mp'^^.N^j) — {Tp,Tp)c^^p2^Nj 

+ (^{{p-'), (p-^)) (2(r;,r;) - [(2p + 2)((p-i), {p-')) + {{p)-\s'p) + (5;, (p)-')] a^i^^s^.^.,,. 

A routine but unpleasant computation (in which the use of Sage [Sage] was found to be invaluable) 
shows that Theorem 3.5.1, together with Theorem 3.4.1, implies the following formulae for the norms to 
level prime to p: 

Theorem 3.5.2. Ifp\N, we have 
(a) 

norvatr {c-^p-m,N,j) - P^I{{P - 1)(1 - ((p-'>, {p-^)>f) - {{T;,T;K' + (p - 1)) PpiP~'0) 
(b) 

normP,'" (cEpS^.N.j) ^ p^4[ip ~ m ^ {{p-') , {P'')K') 

- b-V;2(r;.,T;.) + (p- i)p-V;i(T;,r;) + i))Pp(p-V;i)) 

Here Pp is the operator-valued Euler factor at p given by 

Ppix) = 1 - {t;,t;)x + {p-'))+Pi{p-'), {t;)') - 2p\{p-^), {p-')))x' 

-p'i{p-')T;,{p-')T;)x'+p^i{p-'),{p-'))x\ 

3.5.1. Evaluation of the {Tp,Tp) term. We begin with a double coset computation in SL2(Qp). We shall 
write K = SL2(Zp) and U for the lower-triangular Iwahori subgroup ^ 

Proposition 3.5.3. Let j > 1. Then the double coset 



decomposes as a disjoint union of exactly four double cosets of the Iwahori U , represented by the elements 

p-^ 0\ f -p-A fp> \ / -pi 
p>) '\p> J \ o p^i) ' \p~^ 

Proof. As shown by Iwahori and Matsumoto [IMG5, §2.2], we have a decomposition 

SL2((Qp) = □ UwU, 

weD 

where D is the set of matrices of the form ( ^ j j °^ ( j q j ^'^^ some j G Z. Comparing 

this with the well-known Cartan decomposition SL2(Qp) — |Jj>o ( q jj ^ gives the statement 
above. □ 

Proposition 3.5.4. For a e SL2(Qp), the index of U H a~^Ua in U is as follows: 

(a) pl^Jl foraeU (^^ U, j £ Z, 

(b) p\^^+^\ tfaeuf^ -l']u,jeZ. 
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Proof. It is clear that the index concerned depends only on the double coset UaU , so we may reduce 
immediately to considering the coset representatives in (a) and (b). In each of these cases we find that 

the intersection U n a^^Ua is a subgroup of the form ^ ^ K : \ b,p'' \ for some r > 1, 

s > 0; this clearly has index p' "*"*"^ in U, which gives the above formulae. □ 

Corollary 3.5.5. Let j G Z and m > I, neither divisible by p, and k > I. Then the preimage in 
Y(ri{N) nr*'(p))^ of the curve C,npk^j^j C Yi{N)'^ is the union of four distinct curves: 

(1) the curve Di given by points of the form 

' Vo 1 

mapping to C^^k j^ j with degree p^ ; 



(2) the curve D2 given by points of the form 

z, 7 



1 

1 

for any 7 € Ti(N) congruent to ) modulo p, again mapping to C„^pk j~^ j with degree p; 



(3) the curve D3 given by points of the form 



1 ^ 

1 



7 



where 7 is as before, mapping to C^pk j^ j with degree p; 
(4) the curve given by points of the form 



1 



-1, 



mapping isomorphically to C^pk j^j. 
Proof. All of these curves are evidently in the preimage of C^pk ^ j . One checks that we have 



1 j U p- 



1 

nip*" I 7^"^ G [/ 



p-" 



1 J ' ""10 p"" 



u 



1 r [p-'' 



Hence the curves Di exhaust the preimage of C^pk^^ j, by Proposition 3.5.3. The calculation of the 
degrees of the maps down follows from Proposition 3.5.4; and since the total degree is {p + 1)^, they 
must be distinct. □ 

We set 

"1 = Q ™p'=^^ q,2 = 7q;i, as = q;i7"\ 04 = 70117" \ 

so Di is the locus of points of the form (2, oiiz). Let us define 

A, := (7r2(A),(7r2)*(i'i)*(w,Ar,j-)*c<?o,i/mp'^w) e Z'^{Yi{Nf ®<^{^i^pk,l). 
Then we evidently have 

{T'p, Tp)c^^pk pf j = Ai + A2 + A3 + A4. 
We shall evaluate each of these in turn, showing that Di is the norm of c^mpfc+i jv.j and the remaining 
Ai can be calculated in terms of Hecke operators acting on c'^mp^,N,j for r < k. 
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3.5.2. Evaluation of Ai. 

Corollary 3.5.6. Pushjorward and pullback commute in each of the following four diagrams: 



Y (Fi (m/iv) n r°(TO/+i) n u) 



z z+j 



(8a) 



r(ri(mp''7V)nr"(m/)) 



mp^ ,N,j 



where U is the subgroup ofT{p^) consisting of matrices whose reduction modulo p^^^ lies in the subgroup 
1 fl 

'i / ^ i T ) ' '^'^'^ ^oth vertical arrows have degree p^ ; 



z+j 



Do 



(8b) 



y(ri(m/iV)nr°(TO/)) 

where both vertical arrows have degree p; 



Y (ri(m/A^) n r"(m/) n u) 



^mp^ ,N, ■ 



(8c) 



y(ri(mp'=7V)nr°(m/)) - 

where both vertical arrows again have degree p; and 



^mp^ ,N, ■ 



y (ri(™/iv)nr°(mp^)) l^' ™>'^' """p' 



(8d) 

F(ri(m/iv)nr°(m/)) 

where both vertical arrows are isomorphisms. 



o'',N.' 



^mp^ ,N,j 



Proof. Up to conjugation (and identifying C„ipk pf j and the Di with their normahzations) each diagram 
takes the form 



y(rinr2) — - r(ri) 



Y{r2) ► F(r) 

for subgroups ri,r2 C F. So it suffices to check in each case that rir2 = F, or equivalently that 
[r : Fl] = [F2 : Fl n F2]; that is, that the degrees of the two vertical arrows in each diagram are the 
same. In each case this reduces to an elementary local computation at p. □ 
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Proposition 3.5.7 (Evaluation of Ai). We have 

Ai ^ ^ c^mp^N^j'- 

j'=j mod 

Proof. This follows by exactly the same argument as in the case fc = considered above. From Corollary 
3.5.6 we know that the modular unit (7ri)*(t^pfc jy j)*cffo,i/mAr on Di is equal to the pushforward of 
cgo,i/rnN along thc top horizontal arrow in diagram (8a). It is easy to see that the subgroups U for all 
j in a congruence class modulo p'^ arc conjugate, and by exactly the same argument as in Proposition 
3.4.10 we deduce thc result. □ 



3.5.3. Evaluation of A2 and A3. We now turn our attention to A2. Evidently 7:2(02) is the image of 
y(ri(TO/'iV) n T°{mp''+^)) in Yi(iV)2 under the map 



Z 



1 \ A 0\ /I J 



pa b 



Let us write 7 ~ ( ^ > where d ~ 1 mod N. Then we find that 

1 0\ fl j \ _ fp 0\ f a b \ (l i 



p)^\0 mp^J 1^0 p) \Nc pd) [0 mp^-^ 

Since scalar matrices act trivially, and ^cts on Yi{N) as the diamond operator (p), we see 

that 7^2(02) can be written as thc image of 



r(ri(m/iv) nr"(TO/+i)) — >■ Yi{n)'^ 



Z h 



This map is easily seen to factor through thc natural projection 

A : y(ri(?7i/7V) n r"(TO/+i)) ^ Y{Ti{mp''-^N) n T^{mp''+^)) 
(indeed, the first component obviously factors through ri(iV) n T'^{mp''~^^), and the second component 

^7np^^^ .N,j 



factors through Y{Ti{mp''^^ N) T°{mp''-^)) as the map '^^jjfc-i AT j constructed above composed with 



the automorphism (p)). 
Proposition 3.5.8. We have 



c.9o,i/mp'=-iAr ifk>2, 



-1 



A* (cgo,l/mp'=w) - { / A 0\ 1 , 1 rn 

c50,l/mAf • I I p ^1 cgo,"p-i"/mN j if k ^ I . U 

We thus have: 

Proposition 3.5.9. We have A2 = (C, 4>) where 

• C is the image of Y{Ti{mp'^^-^ N) n r"(TOp'^'+-'^)) in Yi{N)'^ under the map 

n ( ^ / X ^ + J \ 

p--zy^ \ T—T, (p) T-Y , 

\TOp'^+^ mp'' ^ ) 

• (j) is the pushforward of cgoA/mp^-^ (resp. of cgo,i/rnN ' (^(q ^ c5o, "p-i "/mjv^ ) along this 
map if k > 2 ( resp. if k = I). 
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3.5.4. Evaluation o/ A4. The last, and easiest term, is A4. 
Proposition 3.5.10 (Evaluation of A4). We have 

Proof. Contemplating diagram (8d) we know that A4 is equal to the pushforward of c5o,i/mp''-iJV froni 
y(ri(TO/iV) n r°{mp'')) to Yi{N)'^ along the map 



Z 



pj ' \0 mp 

J \o pJ \0 

mp 



Since ] ^ ^ (p) ?)' this is simply 



Op/' ^■'^^ V 1 



1 V ("^ ^ 

mp'^ ^ J ' lO mp'^ ^ 



This evidently factors as the projection 

A : y(ri(TO/iv) n r°(m/)) ^ r(ri(m/"^iv) n r°(m/"i) 

composed with the map ((p), (p)) o t^p^-ij^^. 

On the other hand, the pushforward of c5o,i/mp'=w from Y{Ti{mp''N) n T^{mp'')) to Y{Ti{mp'^N) n 
r''(mp'^~^)) is clearly (cffo,i/Tnp'=Af)^i since the degree of the map is p; and the pushforward from 
y(ri(m/7V)nrO(m/-i)) to y(ri(m/-iiV)nrO(mp'=-i)) maps c5o,i/mp'=w to c3o4/mp'=w if fc > 2 and 
to cgoA/rnN ' (cffo/'p-i" /™A^) Otherwise. □ 

3.5.5. Evaluation of {S'p, {p^^))c'^mp''-^.N.j ■ We now compute the image of c'^^pk~i j^ j under the Hecke 
operator {Sp,{p)). 

Proposition 3.5.11. We have the following coset decompositions in SL2(Qp).' 

k(\ ^I^)k = k = k(1 ^{^)u^ip^) 



(where K = SL2(Zp)J; and 



1 j/mp\ T^^T^fP ^ 



^'1 ;^=^^o p)''-^ 

where ^ is hti?/ quadratic non-residue in . 
Geometrically this is expressed as follows: 

Proposition 3.5.12. The preimage in Y{Ti{N) n T^ijP')) x Yi(iV) of Cmp"-! ,N,j is: 

• if k = 1, the single curve E consisting of points of the form (z, z + j /m), with degree p{p + 1) 
over Cm,N,j; 

• if k = 2, the union of four distinct curves Ei, E2, E3, i?4, with degrees {p, ^^^j 1) respectively 
over Cmp,N,j, where 

— El is the curve consisting of points of the form (z, z + j /mp), 

— the curve E2 is the locus of points of the form {S2Z, z + j /mp) where S2 is any matrix in 
ri(iV) of the form ^ ^ where p \ a and ^ ^ y is cl quadratic residue mod p; 

— the curve E3 is the locus of points of the form {S^^z, z + j /mp) where S3 is any matrix in 
ri(A^) of the form ^ ^ where p \ a and ^ ~ y is a quadratic nonresidue mod p; 
the curve E4 is the locus of points of the form {S^z, z + j /mp) where S4 is any matrix in 



ri(iV) of the form ^ ^ where p \ a and ^ ~ y = mod p. 
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Proof. This follows from Lemma 2.4.3 and the previous proposition, noting the identity 



□ 



Proposition 3.5.13. In the case k = 1, the image of E in Yi{N)'^ under {u,v) H' {u/p^, {p)v) is the 
curve C of Proposition 3.5.15 above. 

In the case k = 2, the image of Ei under this map is the curve C ; the images of E2 and E^ are both 
Hp), {p))Cmp,N,j; and the image of Ei is ((p), {p))Cm,N,"p-^"j ■ 

Proof. The k ^ 1 case is clear, as is the assertion for Ei in case k = 2. The remaining statements are a 
fiddly double coset computation. □ 

Proposition 3.5.14. In the case k ~ 1, we have 

in the notation of Proposition 3.5.15. 
In the case k — 2, we have 

4 

(Sp, {p~^)) ■ c'^pm.N.'j = ^ ©i, 
i=l 

where Qi is the term corresponding to the curve Ei of the previous proposition, and 

©1 = {C, f3*cgo,l/mpN)- 

Proof. An argument using Lemma 2.4.5 in a tiresomely familiar manner shows that the pullback of 
('"mpfc-i AT j)(c5o,i/?rip''-i ) to E coiucidcs with the pushforward of c3o.i/mp'«-i along the map 

F(ri(m/-iiV)nr°(mp'=+i)) — ► e 



Z h 



( z z+j \ 



So the pushforward of this along the map £■ yi(A^)^ given by (u, w) i-> {u/p'^,{p)v) is {C,(3^ cffo.i/mAr), 
since the composition of these two maps is /3. □ 

Combining the preceding proposition with Proposition 3.5.15, we have A2 — {S'p, {p~^)) ■ c^m,N,j ~ 
where 

^1 _ I^C', /3* ^ c.9o,"p-i'7™JV^ iffc = l, 

[62 + 63 + 64 iffc = 2. 

We may express the fc = 1 case equivalcntly as 

where /?' is the map Y{Yi{mN) n Vq{p) n V°{mp)) C given hy z ^ [j^, (p) ■ 2£±i) . 

We've seen this map before: we showed above in proposition 3.4.12 that there was a commutative 
diagram 

Y{ri{mN) n Toip) n r°(mp)) '- — - Y{Ti{mN) D r°{m) n Uj,) 



Z 



z pz+j 
nip ' m 



Z l-> 



z z+j 
nip ' mp 



Y^{Nf . Yr{Nf 

where 7" is a suitable element of ri(TOA^) (in fact of ri(mA^) n T^{mp), although we do not need this), 
j' = p^^j mod m is invertible modulo p, and Uj' is the preimage in a conjugate of the diagonal torus in 
SL2(Fp). 
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Proposition 3.5.15 (Evaluation of Aj). For k = 1 we have 

= {{p-'), {p-'))<j-' ((r;,r;) - a,-pi{p-'), {p-'))a^') .s,„.^.„ 

and consequently 

A, = [(5;, {p-')) i{p-'), {p-'))<J~' ((T;,r;) - a,-pi{p~'), {p~'))a-')] ■ c^ra,N,r 

We now consider A3. By applying the automorphism of Fi(-/V)^ which switches the two factors, and 
running through essentially the same argument as above, we see that: 

Proposition 3.5.16 (Evaluation of A3). For k ^ 1 we have 

A3 = [{{p-'),s;) - ((p-i), {p-'))<j-' ((r;,T;) - a, -p((p-i), {p-'))a-')] ■ cS^,^,,. 

We now have all the ingredients necessary for the proof in the case fc = 1, which will be carried out 
in §3.5.8 below. However, for k = 2 there are a few more ingredients we will need. 

3.5.6. Study 0/64. Let us now consider the term 64 that arises for k ~ 2. Recall that S4 was any clement 
of ri(iV) satisfying a certain congruence modulo p; we may use strong approximation to make additional 

/ pa 

i ™ AT. 



congruence assumptions modulo primes away from p, so we shall assume that 5. 
ja = mb mod p. 

Proposition 3.5.17. There is a commutative diagram 



\mNc d 



with 



Z 



Y{T{mp, mpN)) 



1 

mp 



1 J 
mp 



z ^ ez 



Y{T{mp, mpN)) 



{{p)Ap)) ^mp.N, 



yi(iv)' 



where e is a suitably chosen element ofTi{N) and jo is the unique integer congruent to j modulo m and 
to modulo p. 

Proof. Firstly, we note that Fi (A^) normalizes F(mp, mpN) , so the left-hand vertical arrow is well-defined. 
More subtly, the well-definedness of the top horizontal arrow follows from the inclusion 

/I 1 1 \ /I 1 1 \ "'^ 

^4 



indeed 5a 



1 

mp 



p 
m 



mpj^i'^P^'^P^) 
^4 where 5'^ 



1 
mp 



a mb 
Nc d 



5-,' C T\p^), 
e To{N) normalizes T{mp,mpN), so 



1 
mp 



T{mp, mpN) 



1 

mp 



m 
p 



T{mp, mpN) 



m 
p 



C Fo(m2iV)nF°(p2). 



It remains to show that e may be chosen so that the diagram commutes. We need to choose e so that 
we have 



^i{N){p) 



1 

mp 



P 







1 

mp 



T,{N) 



1 

mp 



and so that 



ri(iv) 



1 JO 
mp 



ri(iv) 



1 ] 

mp 



where jo is the unique integer congruent to j mod m and mod p. 

It is easy to see that these conditions are both satisfied if we take e to be congruent to 1 modulo mN 

X jx 



and to satisfy the same congruence modulo p as 5'^, so e 



mod p for some x. 



□ 



Corollary 3.5.18. We have 

64 = {{P^^), {P^^))* (C'm.TV, {'■'mp,N,jo)*i^^^y <:90,l/nipN) 
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Now we'd better calculate what the pushforward of (e ^)* cgo,i/mpN from Y(mp, mpN) to Y{rn, mN) 

is. 

Proposition 3.5.19. Let Q!,/3 e Z he such that a = 0,^5 = 1 mod mN and (3 ^ Q mod p. Then the 
pushforward of cga/mpNji/mpN from Y{mp,mpN) to Y{m,mN) along the map z H' zjp is c9o,i/mN ' 
(cffo, -p-i'VmTv) ^, and hence 

Proof. A calculation using Theorem 2.2.4 shows that pushing forward to Y(ri{mpN) n r°(m)) gives 
cga/7nN,p/mpN = 090,13 /mpN, and wc are now in famihar territory. □ 

3.5.7. Study of 02 and Q3. We can build the following (hideous) diagram of modular curves. Let 6 

be any element of ri(A^) n ro(mA^) whose top left entry is divisible hy p, so 6 ~ ( ^'^j ^ ) with 



\mNc d J 

pa = d^lmodN.Lct6'^^^^ , so ^' G (p)ri(7V) and we have <5 (^J = (S m) '^'^ 

Let Es be the locus of points in y(ri(iV) n r°(p^)) x Yi{N) of the form {6z, z + j/mp); this clearly 
maps to Cmp.Nj under the natural projection to Yi{N)'^. We then build the following (rather unwieldy) 
diagram of modular curves: 



pr 



Y{r{mp,mpN)) ^Y\ ^ / , . n-i /, , n ^ Es 



id 



pr 



n(j,4) ri(7V)(j4) 

prj pr 

{0 mp) ^li^){o mp) \ (omp)'(omp 



Y{r{mp, mpN)) ^ ► Y\ f ^ , ^ , / 1 / \ ^ Cmp,N,j 



n(;„ip) ri(7V)(;,4) 



Proposition 3.5.20. Suppose that 5' = f ^, with aj — & 7^ mod p. Then the intersection 



n r(m, mN) 



(-5')-^ J ° (Fi (iv) n rS! (p)) ( 1 „"J y n ( J 4 ) Fi (iv) ( J ^ 

consists precisely of those matrices in T(m,mN) which are congruent to ±1 modulo p. 
Proof. It suffices to show that 

ri(7V)nrO(p)n(i 0)y(j4)"'ri(iV)(j„ip)(y)'i(J°)"' 

consists of matrices that are ±1 modulo p, since such matrices are clearly preserved under conjugation 
by ( m ) '5' (which is integral at p) . 

Let 7 G ri(iV) n rQ(p). Then 7 is congruent modulo p to ^ some x e (Z/pZ)^. We 

require that 



or, cquivalcntly, that 



; j-^yn !) <™^rt^ 



Substituting the entries of S' , we find that the top right-hand entry of the product on the left is congruent 
modulo p to (aj — b)cj{x — x~^). So if aj — 6 is not divisible by p, then we must have x — x^^ = mod p, 
i.e. X = ±1, as required. □ 

Remark 3.5.21. Conceptually, what is going on here is that we have calculated the intersection of three 
Borel subgroups of SL2(Fp) in general position relative to each other, which is simply the centre of the 
group. 
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Corollary 3.5.22. The pullback to Eg of {i'^p n j)*cgo,i/mpN is equal to the pushforward along the top 
row of the above diagram of the modular unit 

n l*cgo,i/mpN eO{Y{mp,mpN)''), 
7e(7,/{±i} 



where Uj is (as above) the torus in SL2(Fp) whose preimage is 



K 



1 i 



,0 pj ' 

and we choose a lifting of each element o/C//{±l} to an element ofT{m,mN). 

Note that this depends only rather weakly on 6. We calculated Uj explicitly above: it consists of all 

matrices of the form ._i . with u <E ¥^ . 

yj [u — u )uj P 

We now consider the pushforward of this to Yi(iV)^ along the map {u, v) t-^ {(p) ^ ( q p ) 
the image of Eg is one of the components of the image of Cmp.N.j under the Hecke operator ({p)Sp, 1). 

Proposition 3.5.23. The image of Es under this map is Cmp.N.j itself. More .specifically, we may find 
£ g T{m,mN) such that there is a commutative diagram 



Y{T{mp, mpN)) 



(P) 



-1/1 M J. f 1 J 



mp J ' yO mp 



y(r(mp, mpN)) 



'^mp.N.j 



id ^ 



Proof. We must show that e can be found in such a way that 



and 



U mp J \ U mp 

One checks easily that for any e G T(m,mN), the matrices 



1 

77ip 





p 



and 



mp J \0 mp J 

are integral away from p and have bottom right entry congruent to 1 modulo N; so we need only show 
that e may be chosen such that both are integral at p. So we must show that we can find e in the 
intersection 



1 .? 

1 



u'{p)(l {)nu'{p)S'. 



The non-emptiness of this intersection is equivalent to the equality of the double cosets 

C/"b)(j i)u'{p) and lyS'r'U'^ip)- 
However, as we have seen before, there is only one double U^{p) coset in K other than U'^{p) itself, so this 



equality is equivalent to 



1 j 
1 



in 



U^(ji), which is equivalent to our hypothesis b ^ ja mod p. □ 
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It remains to be shown that we can choose 5 and e in some remotely reasonable fashion! Let ^ e . 



Then we can take £ = ' --7/^ \-\ ■ , /■ -i , and 5' = [ )._^ „ . A routine verification 

shows that lower-triangular, and that if we take f to be 

\Q I) \0 I) ] J 

a quadratic residue or a nonresidue 5' satisfies the congruences stated above, so it suffices to take ^ = 1 

and one non-square ^. 

Let us write r(mp, mpN)^ for the subgroup of r(m, mN) consisting of matrices that are congruent 
to ±1 modulo p. Then we have a diagram 




Here a is the natural pushforward map. 

The images of ni and /i2 are both given by the curve C of points of the form (z, z + j /p) in 
y(r(m, miV))^, which maps to Cmp,N,j under the map {u,v) i—^ {u/m,v/m) to Yi{N)'^. We find that 



and hence 



(A*2)* fJ-1 (ct O Ml)* c50,l/mpAf = (M3)*(& "^)* Ml (^^ ° Ml)* c50,l/mp7V 



n n 

ueF^/±i ueF^ 







j (u — u ) u J \j {v ~ V ) V 



cgo.l/mpN 



Conjugating by ^ .^x 'j'^ maps the torus Uj onto the diagonal torus and maps e ^ onto the matrix 
■q j^i j ' above expression becomes 



n n 

veW;^- /±i uew} 



J 



v-^ 
V 



1 

1-1 1 



cgoA/mpN 



n n 

w6F^/±lMeFj^ 



1 

ri 1 



u ij U ^ll^ 

uvj"^ 



1 

-1 1 



cgo,l/mpN- 
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We may change variables by letting a = uv and b = u ^. Then the product becomes 

c90S/mpN 



n n 



1 0\ fj b \ (a-^ 0\ / 1 
-r' I lo j-i j i a U-i 1 



= (Ml°cr)* 



1 o\ 6 W 1 



3 b W 1 

-1 rH^-b)j [j-' 1 



c.90,l/mpAf 



cffO.l/mpAT 



(M1 ° cr)* 



1 



:) n .9- 



l)o/mpAr,0--i(l-b))l/mpAf 



Considering 02 and 03 together corresponds to letting b vary over all of . If we were to extend the 
product over all 6 £ Fp (residue, nonrcsidue, or zero), then we would get 



1 oy fp 

-1 1 1 



c9a/p,l/mN : 



where a is the image of —l/mN in (Z/pZ)^ (thus a/p = {—l)o/mN). 
The term for & = is just 



{p-i o cr)* 



,— 2 ) c30,l/mpW ~ IvA^l ° '^)*c90,l/mpN, 



Since 



j 
What can we say about 



2 •-! I G f^j- This is what we want: it is the definition of c^mp,N,j- 



c9a/p,l/mN ■ 



Writing the pushforward in terms of coset representatives gives us 



n 



p 0\f 1 0\ / 1 

iM.r' ijlr' 1 



'u-'^ 0\ f 1 



u J \ j 



c9ct/p,l/mN 



n 

ueFj 



u [o 1 U-i 1 



c9a/p,l/mN 



1 

1 



1 \ 

-1 1 



Y\. c9u/p,l/mN 



c90,l/mN 



p 
1 



cgoS/mN 



c90,l/mN ■ 



1 0\ 

' I 1 



The last line is justified by the fact that ^^-i denotes the action of a matrix congruent to i ^ 

modulo p but to the identity modulo mN, and such a matrix will act trivially on cgo.i/mN- 

We have seen both of these terms before: the class in CH^(Yi(A^)^ (g) Q(/Xm), 1) defined by {Cmp,N,j, 
pushforward of c5o,i/mAf) is {{Tp,Tp) — ap—p{pxp)~^a~^)c'E.m,N,j, by Corollary 3.4.9; and the term corre- 
sponding to {C„ip^N,j, pushforward of ^ ^ cgoA/mN) is {{p)^^ , Sp)c'E.m,N,j, by Corollary 
3.4.13. 
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3.5.8. Conclusion of the proof. We can now complete the proof of Theorem 3.5.1 for fc = 1. 
We know that 

(t;, T;),E,np,N,j = Ai + A2 + A3 + A4, 

and we have shown that: 

Ai=norm™P (cS„p2 jvj) (Proposition 3.5.7); 

(Proposition 3.5.15); 

A3 = [i{p-'),s'^) {{p-'), {p-'))a;' ((r;,r;) - a,-pi{p-'), {p~'))<y;')] ■ ^S™,^,, 

(Proposition 3.5.16); 

and 

A4 = pOp^'), {p^')) (1 - ((P"'>, (P"'))'^;') c^rn,N,j (Proposition 3.5.10). 
Combining these statements gives the fc = 1 case of Theorem 3.5.1. 
In the case A: = 2 we have again (T^, Tp)c^jnp2 j^ j = Ai + A2 + A3 + A4 where 

Ai = norm™^2 (c^rnp^^Nj) (Proposition 3.5.7); 

A2 = (5;, (p-l)) • c^mp,N,j - 62 - 63 - 64; 

A3 = {{p-'),s'j,) ■ ^^p^N^, e:3 - e^; 

and 

A4 = p{{p^^), {p^^)) ■ c^rnp,N,] (Proposition 3.5.10). 

Moreover, we have 

04 = {{p^^), (p"'))'Tj,(l - ((p-i>, (p-i))f7;2)^2™,Ar,,(Proposition 3.5.19), 

and 

02 + 03 = ((P"^>, (P"^>) • cS„ip,Arj - {{Tp,Tp) - ap-p{p X ^)cS™,Arj + {{p)^'^,Sp)cE.,n,N,j- 

The obvious involution of Yi{N)'^ (g) Q{fim) given by swapping the two factors maps c'^pk^^^j^j to 
c'^pkm,N,-j for each j; and it interchanges Oi with Q'^ for i = 1, ... ,4, so we obtain formulae for these 
terms which are identical with the non-primed versions except {{jp^^),Sp) is interchanged with (5*^, (p~^)). 
Collecting terms gives Theorem 3.5.1 for k = 2. 

4. Relation to complex L-values 

4.1. Definition of Rankin— Selberg L- functions. We recall the definition of Rankin-Selberg L- 
functions of pairs of modular forms. 

Definition 4.1.1. Let f,g be cuspidal new modular eigenforms (of possibly distinct weights k,£ and 
levels Nf^Ng), L a number field containing the coefficients of f and g, and p a prime. We define the 
local Euler factor 

Ppif, 5, X) = dct {l-X Frob^i HVl, if) ® Vl, (g))'") 
where A is an arbitrary place of L of residue characteristic distinct from p, and Frobp denotes the 
arithmetic Frobenius at p. 

This Euler factor may be defined in purely automorphic terms (cf. [Jac72, Theorem 14.8]), but the 
above definition is convenient for our purposes. The following is an elementary calculation: 

Proposition 4.1.2. Ifp\NfNg, then 

Pp{f,g,X) = (1 - ajX){l - aSX){l - ^^X){1 - ^SX) 

where a, (3 are the roots of X^ — ap{f )X + p''^^Sp{f) and similarly 7,(5 are the roots of X^ — ap{g)X + 
p^^^£p{g). Completely explicitly, this becomes 

Pp{f,g,X) = 1 - ap{f)ap{g)X + {p'-'ap{ffep{g)+p''-'ep{f)ap{gf - 2p'^+'-^ep{f)ep{g))x^ 

-p'+'-'spif)ap{f)Sp{g)ap{g)X'+p''+"'-%ifrep{g)'x\ 
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Proposition 4.1.3. We may write 

4 

i=l 

where each A,; is either 0, or a p-Weil number of weight < (k + £ — 2). In particular, all poles of the 
meromorphic function Pp{f,g,p~'')~^ have real part at most ^^^"^ ■ 

Proof. This is clear from Proposition 4.1.2 if p does not divide the levels of / and g. The remaining 
cases follow from an explicit computation of the possible local components of / and g, using the Galois- 
theoretic definition adopted above (since the Wcil-Deligne representations attached to / and g must fall 
into a finite list of possible types). □ 

We now define global Rankin-Selberg L-functions as a product of local terms in the usual way. 

Definition 4.1.4. We let 

Hf^g,s)= J] Pp{f,g,P~T^ 

p prime 

and for N > 1 we let 

LiN){f^9,s)= n Ppif,9,p-T'- 

p prime 
p\N 

Proposition 4.1.5. Suppose k> £, and write rc(s) = (27r)^''r(s). Then the completed L-function 

A(/ ® ff, s) - rc(s)rc(s - e + l)L{f ® g, s) 
satisfies a functional equation of the form 

A{f®g,k + e^l-s) = e{s) ■ A(7 ® g, s) 
where e is a function of the form Ae^^ for constants A, B. 

Remark 4.1.6. The function £(s) is, as the notation suggests, a global e-factor, but we shall not use this 
interpretation here. 

4.2. Real-analytic Eisenstein series. Wc now express the Rankin-Selberg L-function in terms of the 
Pctersson product with a non-holomorphic Eisenstein series, the original example of the Rankin-Selberg 
method. 

Definition 4.2.1. Let fc > G Z, and a e Q/Z. 

(1) ForTen,seC with k + 25R(s) > 2, we define 



Ei^'> (r, s) = {~2TTir''TT-'r{s + k) J2 



(m,n)6Z2 ("^^ + n + a) \mT + n + a\ 

where the prime denotes that the term {m,n) = (0,0) is omitted if a — (but not otherwise). 
(2) Forres as above, define 

(r, .) = (-2.^)-^^(. + k)n-^ Y: , 1 ,.,1 ,2. 

(m,n)GZ^ ^ ' y I ' i 

where the double prime denotes that the term (rn,n) is omitted (always). 

Proposition 4.2.2. The above series have the following properties: 

(i) (Automorpy) If Na = 0, then for fixed t both Ej^"^ and i^i*^'' are preserved by the weight k action 

ofTi{N), and moreover the diamond operators act on a by multiplication in the obvious way. 
(ii) (Action of Atkin-Lehner involutions) If Na — 0, then we have 



Fi'^\r,s) = N-''-^ J2 e'^-T-'^El'/^i^^s) 
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(Hi) (Differential operators) The Maass-Shimura weight-raising differential operator 

1 / d k 

(cf. [Shi7G, Equation (2.8)]) acts on the Eisenstein series via 

SkEi^\r,s)^Ei^+'\r,s-l) 

and similarly for i^i*^^ . 

(iv) (Analytic continuation and functional equation) For fixed k,T,a, both functions E^\t,s) and 
-F'q*''(t, s) have meromorphic continuations to the whole s-plane, which are holomorphic everywhere 
if k ^ 0; and we have 

Ei''Hr,s)^Fi'^\r,l~k-s). 
(v) (Relation to Siegel units) We have 

4")(r,0) = 21og|5o,a(T)| 
where go.a is the Siegel unit of ^2.2. 

Proof. Parts (i)~(iii) are easy explicit computations. Part (iv) is a standard application of the Poisson 
summation formula, and (v) is formula (3.8.4) (iii) of [Kat04]. □ 

Now let f,g be any two newforms of levels Nf,Ng dividing N, and weights k,£, with k > £. Let 
/ e 5'fe(ri(7V))[7r/] and g G Si(ri{N))[TTg] be forms in the oldspaces at level N attached to / and g 
(which we shall think of as "test vectors"). For any a e -^Z/Z, set 

2?(/, g, x, s) = / /(-r) ^(t) E^"^-'^ {r,s~k + 1)3(t)'=-2 dx dy 

Jri{N)\H 



{r{r),g{r)-Ei^-'\r,s-k + l))^ 



ri(w) 

The next theorem shows that the function 'D{f,g,l/N,s) is an "approximation" to the completed 
L-function A(/ (g) g, s) of the previous section, differing from it only by possible bad Euler factors at 
primes £ \ N. 

Theorem 4.2.3 (Rankin-Selberg, Shimura). We have 

V{f, g, 1/N, s) = 2^-V-'N^^+'-^-'A{f, g, s)C{f, g, s), 

where 

C{f,g,s):^ ll[Pj,{f,g,p-')] ^nClW{g)n-' 

\p\N J n£S(N} 

is a polynomial in the variables p"" for p \ N ; in particular, it is holomorphic for all s £ C. Here S{N) 
is the set of integers all of whose prime factors divide N . 

Proof. See [Kat04, Proposition 7.1]; our i?j'^]y(r, s) corresponds to 

{^27n)-^T{s + j)7r-'^{TYE{j, r, 1/N, 2s) 

in Kato's notation, where j = k — £. To see that C{f,g,s) is a polynomial, it suffices to consider the 
case when / = f{az) and g = g{bz) for integers a \ N/Nf, b \ N/Ng, in which case the result is clear. □ 

Remark 4.2.4. If /, g have coprime levels Nf, Ng with NfNg ~ N, and we take f = f and g ~ g to he 
the normalized newforms, then C{f,g,s) is identically 1, so in this case T>{f,g, l/N,s) is iV^*A(/, 5, s) 
up to constants. 

From the functional equation for the real-analytic Eisenstein series, and the action of Atkin-Lehner 
involutions, we have 

Vif, g,x,k + £-l-s)^ (f (r), g(r) • i^^J"') (r, s - fc + 1))^^^^^ 

^N'-' ^ e^-^^yviwNf,WNg,y,s). 
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Here wn/ is the function t i-> iV 1/(A^t)); that is, we have chosen our normahzations so that 

wn is an involution in weight 2 (but not in more general weights). 

4.3. The Beilinson regulator. For any smooth variety X over a subfield of C there is a canonical 
map, the Beilinson regulator, from Z(2)) into complex-analytic Deligne-Beilinson cohomology. 

These maps were introduced in [Bei84] (see also English translation [Bei8o]). We shall only need these 
maps for H^{X,Z{2)) where X is a projective surface, in which case the target group can be identified 
with de Rham cohomology: 

Theorem 4.3.1 (Beilinson, cf. [.Jan881), p. 45]). Let X be a smooth projective surface over C (or a 
subfield of<C). There is a homomorphism 

regc : CH2(X, 1) ^ HI^{X / C) / ¥i\^ = (Fil^ ^IrXX/C))^ 

which sends the class of^j{Zj,gj) £ Z'^{X,1) to the linear functional 

(10) f '^loglffjl- 

ZTTl 



We now show that the images of the generalized Beilinson-Flach elements 'Em,N,j under reg^, paired 
with differentials corresponding to weight 2 modular forms /, g, are related to the derivatives of Rankin- 
Selberg L-functions at the point s = 1. More precisely, we shall apply reg^ to a lifting of 'E.m,N.j to 
CH (Xi(iV)^ ® Q(/^m), 1) ® Q; the result will turn out to be independent of the choice of lifting. 

Definition 4.3.2. // / £ 52(ri(A^)), we let f * E S'2(ri(A^)) be the form obtained by applying complex 
conjugation to the Fourier coefficients of f. 

We let ujf denote the holomorphic differential on Xi{N) whose pullback to 7i is 27ri/(z)dz, and 
the anti-holomorphic differential ujf , whose pullback is — 27ri/(— z) dz. 

Remark 4.3.3. (1) The factor 27ri is convenient since — = 2iiidz. 

(2) The map / — > is C-linear and Hecke-equivariant (whereas the more obvious map / > TJJ has 
neither of these desirable properties). 

Theorem 4.3.4 (Beilinson, cf. [BDR12, Proposition 4.1]). Let En be any element o/ CH^(Xi(iV)2, 1) 
lifting Sjv 2i_jv,i & Cll^{Xi{N)'^ , 1), and let pi,P2 be the projections of Xi{N)'^ onto its two factors. 
Then for f, g as above we have 

(regc (Sjv) ,pl{vp Ap;{u;g)) =27rV{f\g,l/N,l) = iL'(/, 5, 1)C(/, 5, !)• 

Proof. We have 

'D'{f,g,l/N,l) = I [ f{-f)g{T)E^°/^{T,0)dxAdy] 
* 'ri(Af)\« / 

fi-'T)g{T)\og\go^i/N{T)\ dxAdy 

(-27ridz) A {2'Kidz) 




log |5o,i/nM 



log|go.i/jv| Vf A?7g 

Yi{N){C) 



ah 



We compare this with Beilinson's formula for the regulator on CH^(Xi(A^)^, 1) (Theorem 4.3.1). We 
know that Sjv can be written as the class of (A,(7o.i/Af) (where A = Ci^n,i is the diagonal in Xi{N)^) 
plus a linear combination of elements supported on cuspidal components. It is clear that pKrjJ^) Ap2{u!g) 
restricts to on any horizontal or vertical component, and to A rjg on A; so we obtain 

(regc (Sjv) , vf A ?7g) = / log \go,i/N\ vf A = 2nD'if, g, 1) 
\ \ / / zm Jyi{n) 

as required. □ 
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We are interested in a version of Theorem 4.3.4 for m > 1, incorporating twists by Dirichlet characters. 
This relation becomes easier to state if we introduce "equivariant" versions of some of our objects, as 
foUows: 

Definition 4.3.5. For N > 5,m > 1 as above, and cusp forms /, g of level N which are eigenforms for 
the Hecke operators away from N , we define the following elements: 

aG(Z/mZ)>= 

and the 'C[{'L/m'L)^\- valued Dirichlet series 

L(™^)(/,5,(Z/mZ)^s)= W Piif,g,[i]rT'- 

(There is no obvious way to define an equivariant Euler factor at the primes dividing m.) 
Proposition 4.3.6. (a) We have 

an(fl'm) = an{g)T{n,m), 

where T{n,m) is the "universal Gauss sum" X]ae(z/mZ)x [a]~^e'^^™°'^"^ G C[(Z/mZ)^]. 
(b) If we extend the Hecke operators on S2{Ti{N)) linearly to C[(Z/mZ)^] (Kic S2{Ti{m'^N)), then we 
have 

Tn{g,n) = [n]tg{n)g^ 
(">(£/m) = [nf£a{rn)g,^, 

for all n such that {n,mN) = \, where tg(n) and eg{n) are the eigenvalues of g for the r„ and (n) 
operators respectively. 

(We can interpret (b) above as stating that transforms under the Hecke operators away from mN 
as "g twisted by the universal character of level m".) 

Proof. Part (a) is immediate by a q-expansion computation. For part (b), we note that the statement 
regarding the diamond operators can be easily verified directly - by essentially the same computation as 
Proposition 2.7.5(4) - and the statement for the r„'s now follows immediately from the standard formulae 
for the action of T„ on g-expansions, together with the easily verified fact that T{nn',m) = [n]T{n' ,m) 
if (n, m) = 1. □ 

We extend the Beilinson regulator to a homomorphism 

regc[(z/™z)x] : CH2(Xi(iV) ® Q(/.„), 1) ^ C[(Z/mZ)X] ®c (Fil^ Hjj,{X/C))'' 

by mapping S to X]ae(z/Afz)x i'A ® ^^Sci'^a, • (5). (Note that this is not a homomorphism of modules over 
the group ring C[(Z/mZ)^]; the Poincarc duality pairing interchanges the natural action of C[(Z/mZ)^] 
with its inverse.) 

Theorem 4.3.7. Let f,g be as above, and let 'Bm.N.i be any lifting of'E.m,N,i to Xi{N)'^. Then as 
elements o/ C[(Z/mZ)^] we have 

regc[(z/rnZ) X] (Sm,Ar,i), {vf) A P2 ) = k^rnN) (/. .9, i^/ m^) , 9,rn,l), 
where we define 

A{f,g,m,s)= J2 W E a«(/)a„(ff)e2"""/'"r^-^ 

aG(Z/rnZ)x n€S{mN) 

Proof. As we showed in the previous section, 'Bm.N.j may be represented as the class of an element in 
Z'^{Xi{NY (g) Q(/^m), 1) (g) Q[(Z/mZ)^] which differs by negiligiblc elements from 

{Cm,N,ji {l'Vi,N,j)*{go,l/m^N)) ■ 
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As in the case m = 1 considered above, these neghgible elements pair to with the differential Pi{rif^) A 
P2 {i^g ) ■ Hence we have 

(regc(S™,Af),p^(7?}^) Ap;(tjg)) = ^ [iV^ j log |(tm,Arj)*(ffo,i/rn2Ar)| ■Pt(?7/'') Apal'^s) 

= Y] / log |50,l/m"w| ■ (Pl ° '-m.ATj)* A {p2 O tm,JVj)* (^^s)- 

By construction pi o im,N,j is just the natural projection map Xi{w?N) — > Xi(A'^), so the pullback of 
rfj"- along this map is just 77^'' again (where now we consider / as a modular form of level m?N). On the 
other hand, p2 ° i'm,N,j corresponds to the map z 1— z + ^ on the upper half-plane, so {p2 ° i-m.N.j)* (j-^g) 
is the differential whose pullback to H is 2nig (z + ^) dz, and hence we have 

Y^[3r^iP2 o L^.N.jTiujg) = 2nig^{z)dz 

j 

as elements of C[(Z/toZ)^] (E) ftl^^i{Xi{m'^N)). Hence, by exactly the same computation as above, 

(regc(Srn,Af),pt(f7/^) Ap;(wg)) =4:71 f{-T)g,n{r)\og\go,i/jnm\ dxA dy. 

As remarked above, is an eigenform for the Hecke operators away from mN] so we may now apply 
exactly the same formal manipulations as in the proof of [Kat04, Proposition 7.1], but with group ring 
coefficients rather than C coefficients, and the result follows in this case also. □ 

4.4. A non- vanishing result. In this section, we'll use the results of the previous section, together with 
a deep theorem of Shahidi on the non- vanishing of Rankin-Selberg L- values, to show that the elements 
Sm.Afj" arc not all zero (which is in no way obvious from their construction!). 

Theorem 4.4.1 (Shahidi, [SliaSl, Theorem 5.2]). Let f,g be any two newforms of weight 2. Then the 
completed L-function A{f,g,s) is holomorphic and nonvanishing on the line 3fi(s) = 2, unless f = g* , in 
which case it has a simple pole at s = 2. 

Remark 4.4.2. We have stated only a special case of Sliahidi's very general theorem, which applies to 
automorphic forms on GL„ x GL™ over an arbitrary number field. Note also that Shahidi's normaliza- 
tions are slightly different from ours (he normalizes the L-function so that the abcissa of symmetry is 
s = ^, independently of the weights of / and g, while we normalize it to be at s = 1). 

Corollary 4.4.3. If T, is a finite set of primes, then the function L^{f ® g, s) has a zero at s = 1 of 
order ri + r2 , where 



ri 



1 ^ir^g 

iff*=g 

and r2 is the sum of the orders of the poles at s = 1 of the Euler factors Lp{f (8) g, s) for primes p € T,. 

Proof. Applying the functional equation for the completed L-function, which switches s with 3 — s, we 
deduce from Shahidi's result that that A(/ (g) g, s) is holomorphic and nonvanishing (resp. has a simple 
pole) at s = 1 if / 7^ (resp. if / = g*). 

However, the L-factor at 00, L^df ^ g,s) = Tc{s)Tc{s ~ 1), has a simple pole at s = 1, so the order 
of vanishing of L{f (g) g, s) is ri as defined above. Since ® g, s) is L{f (g) g, s) divided by the product 
of the L-factors at primes in E, the result clearly follows. □ 

Remark 4.4.4. Note that if /* = g, then the local L-factor vanishes at s = 1 for every prime, so r2 will 
tend to be rather large in this case. 

Corollary 4.4.5. Let f,g he any two newforms, S any set of primes, and p any prime in S. Then for 
all hut finitely many Dirichlet characters x of p-power conductor, Jlfes ^^(/ ® 9 ® Xi s) is holomorphic 
and nonzero at s = 1. 
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Proof. If X has sufRciciitly large p-power conductor, then the local L-factor of /(X)g(X)x at p is identically 
1; so it suffices to consider the L-factors at primes i ^ p. However, since x has conductor prime to i, 
Lg{f <S) g (8) X: s) = P^(x(^)^~*)~^, so it suffices to arrange that x{^)^~^ does not lie in the finite set of 
zeroes of the polynomial Li{f (E) g,X). It is clear that this may also be achieved by ensuring that the 
conductor of x is sufficiently big. □ 

Corollary 4.4.6. Given any two forms f,g of level N that are eigenvectors for all Hecke operators, 
and p any prime, there is k > such that the projection of'E.j^pk j^ i to the {f, g)-isotypical quotient of 
CH^(yi(7V)2(g)Q(^,„pfc),l) is nonzero. 

Proof. Immediate from the previous corollary and Theorem 4.3.7. □ 



5. Relation to p-ADic i- values 

In this section we develop an analogue of the m = 1 case of Theorem 4.3.7 in the p-adic setting. This 
is essentially a variant of the main theorem of [BDR12]. 

5.1. Holomorphic Eisenstein series. We begin by constructing some holomorphic Eisenstein series 
which may be defined over a number field. We follow chapter 3 of [Kat04] closely, but we work on Yi(N) 
rather than Y{N). Our purpose is to define, for a G Q/Z, the following modular forms: 

• E^^^ e AIk{Ti{N)), where fc > 1, fc 7^ 2; 

• E^a^ e M2(ri(A^)); 

• Fi'"'^ e MkiTi{N)), for fc > 1, with a 7^ if fc = 2. 
We set 

£;W(r)=£;W(r,0), 

and similarly for F^''\ 

Proposition 5.1.1. Ifk>l,k^ 2, then Ei^\Fi''^ e Mfe(ri(iV)) for any a e jj'L/Z. 

For k^2, we have F^^ e M2{Ti{N)) for any a^Q, and s'i^ := e'^^ - E^^ G M^iTiiN)) (for any 

f2l f2) 

a). The function F^ = E^ is a C°° function on % invariant under the weight 2 action ofTi{N), with 
slow growth at the cusps, but is not holomorphic. 

Proof See [Katl)4, §3.8]; our e'^^^ is Kato's e'^^^. □ 

We have g-expansion formulae for both families. Let a E Q/Z. For ^(s) > 1, define 

00 

C(a>s)= X! ""'^ C*(a, = 



TieQ,n>0 
n—a mod Z 



as in [Kat04, §3.9]. Then both C(a, s) and C*(a, s) have meromorphic continuation to all s S C, and 
satisfy 

(27r)^ 

a version of the standard functional equation for the Hurwitz zeta function. 



C{a, 1 - = 54 (e-^-^/2C(-a, s) + e^^^'\{a, s)) , 



Proposition 5.1.2. Let k>l, ae Q/Z. 
(1) Assume fc 7^ 2. Then we have 



n>l \d\n 



where 

'C*(a,l-fc) «/fc>3 
i(C(a,0)-C(-a,0)) */fc = l. 



ao 
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(2) We have 



E'i^ = «o + H H d(e2'^'"'^ + e-2-'«^ - 2) | g", 

ri>l \d\n 



where ag = C* (o^i ~1) + J2- 
(3) Assume a ^ in the case k ^ 2. Then 



n>l \ (i|n 



where 



ao 



C(l-fc) j/A:>2 
i(C(a,0)-C*(-a,0)) = 



Proof. This is [Kat()4, Proposition 3.10]. Note that there is a typographical error in the statement of 
the proposition loc.cit.; there is an extra star in the formula for ^a„n^* in case (1), and the formula 
should read 

J2 anu-' = C{a, s)C il3,s-k + l) + i-l)''X{-a, s)C s-k + 1). 

neQ,n>0 

□ 

5.2. Nearly holomorphic modular forms. For fc > 0, we define (following e.g. [Shi86, ShiOO]) the 
space of nearly holomorphic modular forms M^^'^(ri(7V), C). This is the space of C°° slowly-increasing 
functions on "H which are invariant under the weight k action of ri(A'^) and are annihilated by some 
power of the Maass-Shimura weight-lowering differential operator 

Zm dr 

It is easy to see that any such function is in fact annhilated by gl'^/^l+i, and can be expanded as a finite 
sum 

[fe/2] 

(11) /(r) = 5]/,(r)(7r3(r))-^ 

j=o 

where the fj are holomorphic functions. (In particular, any nearly holomorphic form of weight or 1 is 
in fact a holomorphic form.) For K a number field containing the 7V-th roots of unity ^ we shall say that 
/ € Mj}^(ri{N), K) is defined over K if the Fourier coefficients of the holomorphic functions fj arc in 
K, and write MJ}^(ri{N), K) for the space of such functions. 

We let Sf'{Ti{N),K) be the subspacc of rapidly decreasing functions in Mf'{Ti{N),K). If fc > 2, 
then Sf'{Ti{N),K) coincides with the space defined algebraically in [DR12, §2.4] using the "Hodge 
splitting" of the de Rham cohomology. 

Corollary 5.2.1. Let k,j be integers with fc > 1 and j E [0,fc — 1]. Then for any a E -^Z/Z, the 
function T ^ E2'\T,~j) lies in M^i^(ri(7V), Q(^jv)). 

Proof We first note that si^'' , F^''^ E M^''(ri (iV), K) for aU fc > 1. This is clear for fc = 1 or fc > 3 (since 

(2,) (2.) 

holomorphic forms are certainly nearly holomorphic) , and for fc = 2 it suffices to check that Eq ' ^ Fq ' 
is nearly holomorphic, which is clear from the formula 



^ ' n>l \d\n 



With this in hand, we obtain the near-holomorphy of E^\t, —j) for < j < by applying 
to e!^ = Ej^ ^■'"'(t, 0). Applying the same argument to F^'' "^^^ shows that Fi''\T, — j) is nearly 



"'^This is for compatibility with our notation for classical modular forms, since in our model of Yi{N), the cusp oo is not 
rational. 
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holomorphic for j in the same range; but F^^"^ (r, — j') ~ e'^^ (r, 1 — /e + j) by the functional equation, as 
required, so we obtain the resuh for aU j G [0, A: — 1]. □ 

We define the q-expansion of a nearly-holomorphic modular form / to be the Fourier expansion of the 
holomorphic Z-periodic function /o, when we write / in the form (11). Then S corresponds to q-^ on 
g-expansions, and the following is clear from Proposition 5.1.2 and the proof of the previous proposition: 

Proposition 5.2.2. For any j G [0, fc — 1], the q-expansion of the nearly-holomorphic form E^\t, —j) 
is 

n>l \d\n J 

where Oq = unless j € {0, fc — 1}. 

5.3. P-adic families of Eisenstein series. We now use the g-expansion formulae above as motivation 
for defining a two-parameter family of p-adic Eisenstein series, which can be regarded as an analogue of 
the ijC^) (— , s), with two continuous p-adic parameters (f>i, (f>2 replacing the discrete parameter fc and the 
continuous real- analytic parameter s. 

Definition 5.3.1. Choose some (sufficiently large) finite extension L/Qp and let A ~ Ol[[^p]], the 
Iwasawa algebra ofZp. Let U, ~ Spf A, the weight space classifying continuous characters (j) : Zp — > Cp/ 
and consider the formal power series with coefficients m A ig) A given by 

d\n J 

where e = — 1)(/)2(^1). 

Note 5.3.2. We consider Z x Z as a subset of x in the natural way. Then for fc > 1, fc 7^ 2. we have 
£a{k - 1,0) = (£:i''^)W and £a(0,fc - 1) = {F^^)^p\ where (-)W denotes the Vdepletion" operator. 

We now fix a newform g S Sii{Ti{Ng)), for some I and some Ng \ N . (Although the weight I will be 
fixed in our discussion, it is convenient to keep it in the notation as a parameter, since this will make 
our notation more consistent with [BDR12].) We will write g for any element of Se,{N)['Kg\. 

Definition 5.3.3. For integers k,j, we define 

E{k,e,a,jr''-P = Cord [ScU ~i,k^l^j)-g]. 

This is an ordinary A-adic family of modular forms, parametrized by fc and j (we are taking £ to 
be fixed here, in order to avoid the need to make any ordinarity hypotheses on g). For any (fc,j), 
E{k,£,a,j)°'^^-'P is a p-adic modular form of weight fc. 

We now compare this with the complex- analytic theory. It is clear that £a{j — £,k — 1 — j) is the 
p-deplction of the nearly-overconvergent form r i— > i?^*''~^^(r, — fc + j + 1). 

Definition 5.3.4. For £ < j < k ~ 1, let 'E{k, £, j) denote the nearly-holomorphic modular form of 
weight k — £ given by 

S(fc, £, a, j)(t) = Ei^-''> (r, -k + j + l)- g, 
and S(fc, a, j)''°' its image under the holomorphic projector. 

Notation. Let H^{Yi{N), Ck~2,'^) denote the de Rham cohomology of Yi{N) with coefficients in the 
(fc — 2)-nd symmetric power of the relative de Rham cohomology sheaf of the universal elliptic curve over 
Yi (N) , endowed with its Gauss-Manin connection. 

Proposition 5.3.5. Let k,£ be fixed, with k > £. Let f be a newform in Sk{Ti{Nf)), for some Nf \ N, 
and let Cf * be the projection to the f* -isotypic component in the Hecke algebra acting on Sk(Ti{N)). As- 
sume f is ordinary at p , and let j G fc— 1]. Then we have the following relation in H^{Yi(N), Ck~2T^)' 

ef^{k,£,a,j) " g(j) Cf* eord^[k,£,a,j) , 
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where 

£{f) = i-p-^Pp{f)ap{f)-^ 

and 

£if,9,j) = {i-v-'Pp{f)c^p{gm~p-'Pp{mp{g)) 

X (1 - p^-iap(/)-iap(.g)-i)(l - p^-^ap{f)-^ P^{g)-'). 
Here o:f,Pf are the roots of the Hecke polynomial of f at p, and similarly for g. 
Proof. This follows from Propositfon 4.15 of [DR12] with the f,g,h of the theorem taken to be /, 

2 



E^a -k+j + 1) and g. (Note that the special case j > is [BDR12, Proposition 2.7].) □ 



5.4. Interpolation in Hida families. We now interpolate the left-hand side of Proposition 5.3.5 in 
Hida families. 

Notation. Let / be a ncwform (of some level Nf \ N) and let / be the Hida family through / (with 
coefficients in some finite flat A-algebra A/). Then we define the space S°'"^{N] A/)[7r/] for the A/-module 
of families of oldforms at level N corresponding to /, which is simply the space of formal g-expansions 
spanned over A/ by /((?'*) for d \ N/Nf. We write / for a generic element of S°'''^(7V; A/)[7r/], which we 
shall think of as a "test vector" associated to /. 

We shall continue to write g for a newform in Si{Ng) for some Ng \ N, and g for a generic element of 
S,iN;K)[7rg]. 

Proposition 5.4.1. For any f E 8°'^'^ {N ; A f)[Tr f] and g E Si{N; K)[TTg] as above, and any a E -^Z/Z, 
there exists an element 

'DpCf,9,a) e Frac(A/)§A 
such that for all integers k,j with k>2, we have 



Jl^{k,i,a,jr''-P 

'Dp{f,g,a){k,j 



£*ifk){fkJk) ' 

where fk and fk are the eigenforms at level N whose ordinary p- stabilizations are the weight k special- 
izations of f and f, and 

£•*(/,.) :-l-/3p(/fcK(A-)-i. 
Combining this with the previous proposition, we have 
Proposition 5.4.2. For integers k,j with £ < j < k ~ 1, we have 

Note 5.4.3. We know that the Atkin-Lehner operator gives an isomorphism 

Se{N;K)[7Tg] Se{N; K)[7Tg,]. 

Less obviously, there is also an operator 

S-'^(7V;A/)[7r/]^S-^(iV;A/)[7r/.] 

interpolating the action of the Atkin-Lehner operators on the weight k specializations. To see this, it 
suffices to note that the inclusions Sk{N) ^ Sk{Np) SkiNp"^) ^ . . . commute with the action of 
wn and this operator is continuous with respect to the p-adic norm (by the g-expansion principle); the 
resulting operator on the completion Sk{Np°°) commutes with Up, and hence preserves Cord Sk{Np°°). 

Proposition 5.4.4. For any k,jEilfXil, we have 

VpCf,g,a){k,k + e-l-j) = N'-^ ■ /^I?p(«;^/,«;^g,x/7V)(fc,j). 

ye 
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Proof. It suffices to check this resuh for all pairs of integers k,j with k > j, since these points are 
Zariski-dcnsc in 51/ x Q. By the classical functional equation, wc find that for such k,j we have 

VpCf,9,c^){k,k + i^l^j)^A-N^-^ e2""^^/^2?p(u;jv/,u;jv5,«)(fc,j) 



where the quantity A is defined by 

S{fk,g,k + £~l~j) ( £{n,g*,j) 



A 



£{fk)£*{fk){h,h) \£{It)£*{fl) in > /fc ) 



Wc obviously have (f^Jk) = ifkjk)- More subtly, we have ap(/*) = p'' ^ / l3p{f) and /3p(/*) 
p''^^ / ap{f); similarly, we have {ctpig*), (3p{g*)} = {p^^^ /ap{g),p^~^ / I3p{g)}. From these relations, it is 
clear that £{f*) = f *(/,!) = £{fk), and £{fk,g, k + £ - 1 - j) =£{f*,g*,j). So the ratio A is 

identically 1. □ 

Notation. We write 'Dp{f,g,a) for the restriction of 'Dp{f,g,a) to kxflcflfxil, where / is any 
element of S°'''^(A^; A/)[7r/] whose specialization in weight k is /. (This is easily seen to be independent 
of the choice of family /). 

Note 5.4.5. li k > i, then the i-function 'Dp{f , g, a) interpolates the critical values T>{f,g,a,s); but 
when k = £, there are no such critical values (as is well known). 

5.5. The syntomic regulator. Let p be prime and K be a finite extension of Qp with ring of integers 
Ok^ and X a smooth proper scheme over Ok with generic fibre X. Then there exists a map, the syntomic 
regulator, 

r,y, : CR\X, 1) ^ Hi^{X/K)/ F\\' = (Fil^ Hj^iX/K))^ , 
with the property that the diagram 

CH2(A',1) ► CH2(X,1) 

Hl^iX/K)/Fi\' ^ H'iK,HUX,Qp)i2)) 

commutes (c.f. [BcsOO]). Here exp denotes the Bloch-Kato exponential map constructed in [BK90] for 
the crystalline GK-represcntation V — H?^(X ,Qp){2). 

Remark 5.5.1. Note that since X has good reduction, all eigenvalues of Frobenius on Dcris(l^) are Weil 
numbers of weight —2; thus Dcris(^)''^^"'^ — 0, implying that exp is injcctive. This also implies that 
Hl{K, V) = Hj{K, V). Note that we do not necessarily have Hj{K, V) = H^iK, V), since V*{1) has all 
weights equal to 0. It is conjectured that the image of rot is precisely Hg{K, V) but this is only known 
in a few special cases, cf. [SSIO, Fact 1.1]. 

5.6. Generalization of a theorem of Bertolini— Darmon Rotger. Note that there is a map 

dlog : 0(Yi(A^))^ ® Q ^ A/2(ri(7V)), 

which corresponds to F{t) i— >■ as functions on "H; and this commutes with the Atkin-Lehner 

involutions. 

Proposition 5.6.1. For any a ^ E Q/Z, we have 

d\oggo,»^-Fi^l 

(2) 

Proof. Immediate from comparing the g-expansion of Fa with that of go a, which is given in [Kat04, 
§1.9]. ' □ 

We recall the following result, which is a slight reformulation and extension of the main theorem of 
[BDR12]. 
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Theorem 5.6.2. Let Ua be the modular unit on yi{N) ® 'Z,{fj,N) such that 

and let be any element o/ CH^(A'i(iV) (g) Z(^Ar), 1) whose pullback to 0^(3^1 (iV) Z(/iAr), 1) is the 
class of (A, Ua) where A is the diagonal subvariety. 

Let f,g be any two newforms of weight 2 and levels Nf,Ng dividing N, with f ordinary at p, and let 
f , g be test vectors attached to /, g as before. Then we have 

(V,{f,g,a){2) - .9,0) (2)) = f^fy%^lf^ {r^yn{A^J,prl{r^f) A p^i^^)) • 

Proof. By Fourier inversion on the multiplicative group (Z/NZ)^ , which acts on both sides of the claimed 
formula, it suffices to show that for each Dirichlet character ip modulo N we have 



^^^^ (^^yn(AuJ,prUr/7)Apr;(^g)) 



lEde(z/vz)x (l?p(/,5,rfa)(2) -I?p(/,5,0)(2)) if = 1. 

where = J^d'^i'^)^^ ® '^da G Z{x) (8)z 0{Yi{N)^). However, it is clear that both sides of Equation 
(12) are zero unless = X '■— Xj X^^i so we may assume ip = x- 

If X 7^ 1 and a has exact order N, then we can assume without loss of generality that a = 1/N, and 
we are in the case studied in [BDR12]. In the remaining cases, the argument goes through essentially 
identically. □ 

Remark 5.6.3. If in fact x is primitive modulo N, then both sides are zero unless a has exact order iV, 
so we may reduce to precisely the case covered by [BDR12]. 

We can now deduce our main theorem of this section. 

Theorem 5.6.4. Let f,g,f,g be as above. Then we have 

V,{f\g, 1/N){1) ^ (r,y„(Si,^,o),prt(r;;/) A pr^^)) . 

Proof. Applying the previous theorem to WNf and WNg, we have 

VpiwNf,WNg,x/N){2) ~ Vp{wNf,WNg,0){2)'^ = f^fy%^^f^ (^syn (A„^/„ ), piKTy^^/) A p4i^^u^s) 

We multiply by e^'^"/^ and sum over x G Z/A^Z. The left-hand side becomes 

J2 e^^'^/^Vp{wNf, WNg, x/N){2) = NVpif, g, x/N){l) 

by the p-adic functional equation. 
Meanwhile, the right-hand side is 

^ ,2.../v g(/,.9,l) ^,^^„(A„^^j,p,.*(,u.^ _) A pr;(c..„,)) . 

By the functoriality of the syntomic regulator, we have 

(?'sy„(A„^/„),prI(7?"^^-) Apr;(w^„„g)^ = (rsy„(A(^^„^^„)), pri(?7^-'') A pr;(cjg) 
As elements of Q{^in) ®z 0{Yi{N)Y , we have 



and the result follows. □ 
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Remark 5.6.5. One could also prove this statement directly (without the extended detour via Atkin- 
Lehner involutions and functional equations) by generalizing some of the calculations of [BDR12] to use 

the weight 2 Eisenstein series i^f^ = Exe(z/Afz)x xix)~^F^% in place of -B^^^ = Exg(z/wz)x xix)~'^ E^^/n- 
(Note that Fi;. ' is always a holomorphic Eisenstein series if > 1, while E)^ ' becomes non-holomorphic 
if X is the trivial character.) 

Remark 5.6.6. If we impose slightly more restrictive hypotheses we can avoid the need for any gen- 
eralization of the main theorem of [BDR12]. If x is primitive, then it suffices to check that the main 
theorem of [BDR12] holds without the assumption that f,g are eigenforms for the Ui with I \ N; but this 
assumption is not used anywhere in the paper, except in order to explicitly evaluate the Euler factors at 
£ \ N. If Nf = Ng = N then we can dispense with this assumption as well. 



6. Families of cohomology classes 

In this section, we will construct etale cohomology classes from the generalized Beilinson-Flach ele- 
ments in motivic cohomology defined above, and investigate their properties. 

6.1. The etale regulator. In [HubOO], Huber constructs ap-adic regulator map from motivic cohomol- 
ogy into Jannsen's continuous etale cohomology: 

Proposition 6.1.1. Assume that X is a smooth variety over a characteristic field k. Then there is a 
regulator map 

(13) r,t : CH'iX, 1) . i/3^„,(A, Zp(2)) 

Proof. See the second example on [HuIjOIJ, p. 772]. □ 

Proposition 6.1.2. If X is any smooth variety over k, we have a Hochschild-Serre spectral sequence 

HP{k,H!,(X, Z,{2))) H^+^,{X,Z,{2)), 
where H*{k,—) denotes continuous Galois cohomology. 

Proof. See [.Jan88a, Remark 3.5]. □ 

Corollary 6.1.3. Suppose that X is a smooth affine surface over k. Then we have an edge map 

(14) Hl^,{X,'L^{2)) ^ H\k,Hl{X,Z^{2))). 

Proof. The fact that X is defined over an algebraically closed field implies that i/?j(A, Zp(2)) = 
for (7 > 2, as a d-dimensional affine variety over an algebraically closed field has etale cohomological 
dimension d [DclTT, Areata IV. 6. 4]. Consequently, we have H'^^^^^{X ,1p{2)) = 0, and we obtain the 
required edge map by Proposition 6.1.2. □ 

Corollary 6.1.4. If X is a smooth affine surface over k, the etale regulator induces a map (which we 
also denote by r^t by abuse of notation) 

(15) ret : CH2(A,1) . H\k,HUX,Zp{2))). 

Proof. Compose Vct with the edge map (14). □ 

The regulator maps have the following functoriality property: 

Proposition 6.1.5. The regulator maps (15) are compatible with pullback along flat morphisms of 
surfaces A" — > y over k, and pushforward along finite morphisms. In particular, they are compatible with 
the Galois restriction maps for arbitrary extensions k' /k, and with the corestriction maps for finite ones. 

Proof. This is true essentially by construction for Huber's regulator into continuous cohomology, since it 
arises from a realization functor on Vocvodsky's category DA4gm of geometrical motives, which in turn is 
built up from the category (denoted by SmCor in [HubOO]) whose objects are smooth varieties over k and 
whose morphisms are finite correspondences X ^Y. It remains only to check that the Hochschild-Serre 
exact sequence (14) has the required functoriality property, which is standard. □ 
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6.2. The Kiinneth formula. We also recall the Kunnetli formula for etale cohomology (cf. [Mill2, 
Theorem 22.4]): if U and V are varieties of finite type over an algebraically closed field, then we have 
an exact sequence 

r+s— m 

^ J2 ToTl''iHr,{U,Zp),H!,iV,Zp)) -0. 

r+s— ?n+l 

We are interested in the case when m = 2 and U and V are affine curves; since these have etale 
cohomological dimension 1, the third term vanishes, as do two of the three summands in the first term, 
so we have the following Iresult: 

Lemma 6.2.1. The Kiinneth formula gives an isomorphism 
functorial in U and V and compatible with the Galois action. 

6.3. Galois representations attached to modular forms. We recall the construction of the Galois 
representations attached to cuspidal modular forms of weight 2, using the cohomology of the affine 
modular curves Yi{N). 

Notation. Let / be a cuspidal modular form of weight 2 and level N. We assume that / is a normalized 
eigenform for all the Hecke operators T-u (for v \ N) and Uy (for v \ N). (We do not assume that / is 
new of level N.) As usual, we write a„(/) for the v-th Fourier coefficient of /, which is its eigenvalue 
for Ty if i; I and for Uy if v \ N; we also write £d(/) for the eigenvalue of / for the (d) operator for 

d e (Z/iVZ)'^. 

By [AS86, Proposition 4] , the compactly-supported cohomology {Yi {N) (C) , C) is isomorphic to 

the space of modular symbols of level Fi (N) with coefficients in C. As is well known, this contains a unique 
two-dimensional C-linear subspace Vc{f) on which the Hecke operators Ty, Uy act as multiplication by 
the Fourier coefficients ay{f); and the period isomorphism relating Betti and de Rham cohomology allows 
us to regard / as an element of Vc{f). Moreover, if L is any finite extension of Q containing the Fourier 
coefficients of /, Vc(/) is the base-extension of a two-dimensional i-subspace Vl(/) ^ ^Bctti c(^i(^)' -^)- 

Let p be a prime. Invoking the comparison theorem between (compactly-supported) £-adic and Betti 
cohomology, we can regard Qg (8)q Vl(/) as a subspace of L (g)Q H^^ ^(Yi (A^), Qp). Both of these are free 
modules of rank 2 over L (g)Q = Opi^ where the product is over primes of L above £; so we obtain 

for each p a two-dimensional Lp-linear subspace VL^{f) C H^^ ^{Yi{N), L^). 
The following proposition is well known: 

Proposition 6.3.1. The Galois representation V^p (/) is "the" irreducible Lp-linear Galois representa- 
tion attached to f. That is, for each prime v \ N£, the representation VL^if) is unramified at v and we 
have 

traceip (Frob^i | Vi^ (/)) = a„(/) 
where Frobi, is the arithmetic Frobenius. 

We note that under Poincarc duality, the dual space Vi(/)* is identified with the maximal quotient 
of iJ3(,jji(Fi(A^)(C), L) on which the transposes and U'y of Ty and Uy act as multiplication by ay{f). 
Tensoring with Q^, and noting that Poincare duality holds in etale cohomology with a twist by the 
cyclotomic character, we obtain an identification of Vl^ (./)* with a quotient of Hl^{Yi{N), Lp)(I). 

Definition 6.3.2. Let Op be the ring of integers of Lp. We define To^[f)* as the Op-submodule of 
VLpif)* generated by the image of H^^^(Yi{N),Zp)(l), which is a Gq-stable Op-lattice in VL^if)*- 

Remark 6.3.3. Note that our conventions are somewhat different from those of [Kat04, SS6.3, 8.4]: we 
define Vl^ (/) as a subspace of compactly-supported cohomology of a modular curve, while Kato uses 
the same symbol to denote a quotient of the non-compactly-supported cohomology. If / is new of level 
N, then our Vq^ (/)* coincides with the space Kato would denote by Vl^ (/)(!) where / is the complex 
conjugate of A'', and similarly for the integral lattices (our Tq^ (/)* is Kato's Vq^ (/)(!))• 
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6.4. Generalized Beilinson— Flach classes. Let > 5. Observe that Yi{N)'^ (X) Q(/^,„) is a smooth 
variety over Q(/Xm), for any m. By (15), for any prime p we therefore have an ctale regulator 



CH2(Yi(iV)2®Q(^„),l) . i/i {Q{^l^),HUYliNy,Zp{2)) 



Definition 6.4.1. Let f,g be modular forms of level N which are normalized eigenforms for all the 
Hecke operators Ti (for £ \ N ) and Ui (for £ \ N ), L a number field containing the Fourier coefficients 
of f and g, and p a place of L above the rational prime p. 

Remark 6.4.2. In the situation of definition 6.4.1, we can use the Kiinneth formula (Lemma 6.2.1) to 
regard 

To, (/, g)* ■■= To, if)* ®o. To, (g)* 

as a quotient of Op Hl(Yi(N)^,Zp){2). 

Definition 6.4.3. Define the map 

K/,g^Q(^„) : CH2(ri(iV)2®Q(^„),l) ► i/i(Q(^,„),rop(/,5)*) 

to be the composition of r^i^iQ(^^^-^ with the map on Galois cohomology induced by the projection 



Hi{Y^{N)\'Lp){2) . To,{f,gr. 

Definition 6.4.4. We define the generalized Beilinson-Flach class 

,z(,f^''^) := «;/,<,,Q(^„)(cS„,Ar,i) e i/i(Q(//,„),ToJ/,g)*). 

The compatibility relations we have shown for the generalized Beilinson-Flach elements for varying 
m carry over to the cohomology classes: 

Corollary 6.4.5. For any integers m> 1,N > \, and I a prime such that £ \ N, we have 



em f „if,9,Nh ^ Uafag) ■ cZm ^^^^ ife\m, 
\{afag - (Te) ■ czK'^'^-* if i \ m, 



cores^ [nZ 



where af,ag are the Ui,- eigenvalues of f and g, and in the latter case at is the arithmetic Frobenius 
element at £ in Gal(Q(//„i)/Q). 

If £ is a prime not dividing mN , then 

cores^" Uf/'^)) = a, ((£- 1)(1 - e }{£)eg{e)af) - tP,{f,g,r^aj')) ^z^/'^'^), 
where Pi(f,g,X) is the local Euler factor of f and g at £ (cf. Proposition 4-T2 above). 

Proof. Immediate from Theorems 3.3.2, 3.4.1 and the compatiblity of the regulator map with corestriction 
(Proposition 6.1.5). □ 

The dependence of cZ™'^'^'' on c is as follows: 
Proposition 6.4.6. There exist classes 

z(/'S'^)ei7i(Q(M„),Vi,(/,5)*) 

such that the relation 

(16) .z(/^^'^) = (c^ - £,(c)-i£,(c)-Mc]^)z({'^'^) 

holds for any c > 1 coprime to 6m N . 

Proof. Immediate from Proposition 2.7.5 (5). □ 

Proposition 6.4.7. If there exists d > 1 coprime to 6mN such that d'^ — s f{d)~^eg{d)~^[d]'^ is invertible 
in Op [(Z/mZ)'^] , then there exists Zm'^'^^ G if^(Q(/Xm), (/, g)*) such that Equation (16) holds in 
II^{Q(^m),Top{f,g)*) (not just modulo torsion). 

In particular, this holds if the conductor of the reduction modulo p of EfSg is divisible by some prime 
which does not divide mp. 

Proof. Clear, since if such a d exists we may define 

z(/-^) := id' s,(d)-ie,(d)-i[d]^)-i,z(/-^). 

□ 
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6.5. Local properties of the generalized Beilinson Flach classes (I). We now study the local 
properties of the Beilinson-Flach classes. We shall first recall some standard definitions. 

Definition 6.5.1. If K is a local field and M is a topological GK-'module, we define H^^(K, M) to be 
the image of the inflation map 

where Ik is the inertia subgroup of Gk o,nd K^^^ the maximal unramifed extension of K . 

If V is a finite- dimensional Qp-vector space, and £ is the residue characteristic of K , we define 

\Vcv{H^{K,V) ^ H^{K,V if£^P- 

If T is a Zp-lattice in V stable under Gk, we write Hj{K, T) for the preimage of Ilj(K, V) in H^{K, T). 
(Cf [BK90].; 

Proposition 6.5.2. IfT is a finite- rank free "Lp-module with a continuous action ofGK which is trivial 
on Ik, and I ^ p, then 

H}{K,T) ^ Hl{K,T). 

Proof. We have an inflation-restriction exact sequence 

► Hl„{K,T) H\K,T) H"{K'''/K,H\Ik,T)) >- 0, 

and a corresponding sequence for V in place of T. Suppose x G Hj{K,T). Then the image of a; in 
II^{Ik,V) is zero, so the image of x in II^{Ik,T) is torsion. However, II^{Ik,T) = Hom(/if,T) is 
torsion-free, since T is; thus the image of x in II^{Ik,T) is zero, and hence x e II^^{K,T). □ 

Definition 6.5.3. If K is a number field and M is a topological GK-'module, and v is a prime of K , 
we say that x G H^(K, M) is unramified at v if its image in H^{Ky, M) lies in H^^{K, M). If M is a 
finite-rank Xp-module or (^p-vector space, and v is a prime above p, we say x is crystalline at v if its 
image in II^{Ky, M) lies in IIj{Ky, M). 

Proposition 6.5.4. The generalized Beilinson-Flach class cZm'^'^' is unramified outside the primes 
dividing mNp. If p \ mN , it is crystalline at the primes above p. 

Proof. By the preceding proposition, it suffices to check this result after inverting p. 

Let us choose a prime £ | mNp. The compactified modular curve X(m, mN) associated to Y{m, mN) 
admits a smooth proper model X{m,mN) over Z[l/mA^]; hence it has such a model over Z^. It is 
clear that the class cZm,N,i hes in the higher Chow group Z'^{y{m,mN),\) of the integral model of 
y(m, mN), and we can choose the "negligible elements" of Theorem 2.8.5 in order to obtain a lifting of 
cZ^,N,i to CH2(A'(m, mN), 1) <E} Q. 

For proper smooth schemes S over , with i ^ p, there is a regulator map 

(see e.g. [Fla92]) compatible with the regulator map Tot on the generic fibre S. Moreover, the etale 
cohomology II?^{S ,Qp{2)) is unramified as a representation of Gq^, by the proper base change theo- 
rem; and the Hochschild-Serre spectral sequence maps Hg{S,Qp{2)) to H^{QY /Qe, Hl(S,Qp{2)) C 
H^iQe, Hg(S, Qp(2)), where 5 = S(E)Q/, (cf. [Fla92, Lemma 2.3]). Hence the class czil'^'^^ is unramified 
at the primes above £, as required. 

Similarly, if p ] mN, we can lift c-^m, Af,i to a class in Cli^{X{m,mN), 1) (g) Q where X{m,mN) is 
proper and smooth over Zp. However, the regulator r^t for proper smooth Zp-schemes takes values in 
Hj, as a consequence of the commutative diagram of §5.5 above relating r^t to the syntomic regulator 
Tsyn; so we are done. □ 

Remark 6.5.5. I believe it is known that the regulator map r^t for arbitrary varieties over p-adic fields 
takes values in Hg, as remarked in §5.5, which would imply that the localization at p of the Beilinson- 
Flach classes always lies in this subspace. 
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6.6. Local properties of the generalized Beilinson Flach classes (II). In order to control the 
local properties of the generalized Beilinson-Flach classes at the "bad" primes, we shall make use of the 
compatibility in the p-adic cyclotomic tower, under mild additional hypotheses. 

Assumption 6.6.1. The level N is divisible by p, and the Up-eigenvalues af,ag of f and g satisfy 

Proposition 6.6.2. Suppose Assumption 6.6.1 holds. Then for any m > 1 and any prime v \ p of 
Q(/i,„), the cohomology class c^m^'^^ lies inHj{Q{p,rn)v,To^if,g)*). 
Ifvp{afag) = 0, then it lies in H^^{Q{nm)v,To^if,g)*). 

Proof. To lighten the notation, we write K = Q(/i,„)i,, and M = To^{f , g)* . We write Ki = Q(/imp')f 
(after choosing one of the finitely many primes of Q{fimp'^) above v). Each Ki is contained in K™, since 
V \ p. 

For each i, there is an inflation- restriction exact sequence 

. H\K^'/K,,M'^') ► H\K,,M) ^ H^K'^' / lu, H\I,, M)) ^ 0, 

and the corestriction maps H^{Ki^i, M) H^{Ki, M) correspond to the trace maps 

H"{K^'^/K,+,,H\I,„M)) ^ H"{K^'^/Iu,H\l,,M)). 

Since M is a finitely-generated Zp-module, H^{Iy,M) is finitely generated over Zp, by [RiibOO, Propo- 
sition B.2.7(iii)]; thus the sequence of modules Mi = {K™' / Ki, {1^ , M)) stabilizes at some iq ^ 0. 
So for i > io, the trace maps M^+i — Mi are simply multiplication by p on Mi+i = Mi = M^o- Let Zi 
be the image of c'^K^pi^'^ in Mi. It then follows that for i > iq we have 

{afagYzQ=p'-'° coresliz,). 

If a/ttg is a p-adic unit, then this immediately implies that zq = 0, since it is divisible by arbitrarily high 

powers of p. Thus cZm'^'^'' is unramified at v. 
Otherwise, we can only deduce that 

^0 e ( 7^— T- ) ^^0 + (A^o)tors 

\{afagYJ 

for all i 3> 0, which implies that zq £ (A/o)tors as Vp{afag) < 1. Hence the image of zq in Afg^Qp is zero, 
so the image of cZ^'®'^-" in iJi(Q(^„)„, M (g) Qp) is unramified. Thus cZm'^'^' € Hj{Q{nm)v, M). □ 

6.7. Relation between p-stabilized and non-p-stabilized classes. For the arguments of the pre- 
vious section, we assumed throughout that p \ N. If we are given forms of levels prime to p, then we 
can obtain forms of level divisible by p via "p-stabilization" (choosing old eigenforms of level divisible 
by p with the same Hecke eigenvalues at all other primes). In this section, we'll investigate the relations 
between the classes obtained for the p-stabilized and non-p-stabilized forms. 

Let / be a normalized eigenform of weight 2 and level N, and let p be a prime such that p\ N. Then 
there are two eigenforms fa, fp at level Np in the oldspace attached to /, whose [/p-eigenvalues are 
the roots a, (3 of the Hecke polynomial — ap{f)X +pep{f). (We assume, by enlarging the field if 
necessary, that these lie in our coefficient field L.) 

Then there are projection maps 

pr^^ : Hl,{Y[{Npj,L,) ^ V^^(/„)* 
pr^^ : HUYiiNp),Lp) ^ VL.ifpT 

and a pushforward map tt : H^^.{Yi{Np), Lf) H^^{Yi{N), Lp). 

Proposition 6.7.1. In the above situation, there is a nonzero, Gq-equivariant map 

^^"^^L,(/a)*^^L,(/)* 
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and similarly tt^^\ with the property that 



as maps H}^{Yi{Np), L^) V/ 



Proof. Let H^^{Yi{Np), Lp)[f] denote the maximal quotient of H^^{Yi{Np), Lp) where the operators 
for V \ Np and U'^ for w | act via av{f)- Then, by comparison with modular symbols, we see that 
H^^{Yi{Np), Lp)y-^ is 4-dimensional, and the Up operator on this space is annihilated by the Hecke 
polynomial. 

By [CE98, Theorem 2.1], the roots a and /3 arc distinct, so we may write H^^{Yi{Np), Lp)[fj as a 
direct sum of GQ-stable eigenspaces, which map isomorphically onto the quotients V^p (fa) and Vl^ {fp)- 
This gives a lifting of VLp(/a) to a subspace of Hl^{Yi{Np)^Lp)y]^, and the map pr^ ott clearly factors 
through i/jj(Yi(Afp), Lp) [J] as stated. □ 

Now let us suppose wc have two normalized weight 2 cigenforms f,g, of level N prime to p as before. 
Let a, (3 be the roots of the Hecke polynomial of / at p, and similarly 7,(5 for g. By the Coleman- 
Edixhoven theorem cited above, we have a ^ (3 and 7 7^ (5. 

A choice of root of each polynomial gives p-stabilized eigenforms , of level Np. Then for each m 
we have 

• a class Zm'^'^^ in the cohomology of VL^{f,g)* , which is a quotient of i7|j(li(A^)2, ip)(2); 

• an element Zm°'^^'^^'* living in the cohomology of the representation Vlp(/q,57)*, which is a 
quotient of Hl{Yi{NpY, Lp){2). 

These two representations are isomorphic as abstract Galois representations, but are realized differ- 
ently as quotients of etalc cohomology. We can regard both as quotients of the following space: 



Definition 6.7.2. Let H?^{Yi{Np)^ , Lp) f^g denote the maximal Lp-linear quotient of H?^{Yi{Np)'^ , Lp) 
on which the operators [T^, 1) (for v \ Np) and (Uy, 1) (for v \ N) act via the Fourier coefficients of f, 
and similarly for g. 

Note 6.7.3. Using the Kiinneth formula and a modular symbol calculation, it is easy to see that 
H^^{Yi{Np)^, Lp) f^g has dimension 16, and can be viewed as a direct sum of four simultaneous eigenspaces 
for the two operators (C/p, 1) and (l,f7p), corresponding to the stabilizations (0,7), (q;,(S), (/3,7) and 
(/3,(5). Each of these is a 4-dimcnsional Gal(Q/Q)-stable ip-linear subspace. 

For the remainder of this section, we shall assume the following: 

Assumption 6.7.4. We have aj 7^ (36. 

Remark 6.7.5. Assumption 6.7.4 is a consequence of Assumption 6.6.1, since Vp(al3jS) = Vp^p^e f{p)£g{p)) : 
2, so if Vp{a"f) < 1, then Vp{f36) > 1. 

Proposition 6.7.6. If Assumption 6.7.4 satisfied, then the operator 

{U - a5){U - I3^){U ~ (35) 



(a7 — a5){a'y — (3j){aj — (35) ' 



where lA ~ {Up, Up), is an idempotent in Endi,p H?^{Yi{Np)'^ , Lp) f^g; it is equal to the identity on the 
(a, 7) eigenspace and zero on the other three eigenspaces. 

Proof. We know that a"f ^ aS and 017 7^ (3j by the Coleman-Edixhoven theorem, so if aj 7^ (36, the a"/ 
eigenspace for the operator coincides with the (a, 7) simultaneous eigenspace for {Up,l) and {l,Up). 
We may thus define a projection onto this eigenspace by applying to W a polynomial that is 1 at aj and 
zero at the other three eigenvalues. □ 

Proposition 6.7.7. There is a GBl(Q/Q)-equivariant Lp-linear isomorphism 

TT^'^'-'^ ■■VLM^,g,)* ^ VL,if,g)* 

with the property that 

opr(„ ,^) = noJa^j 
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as maps HliY,{Np)^, Lp)f,g{2) ^ l^L,(/,ff)*, where 



T::Hi{Y,{NpY,L,)f.g^VL,U.9r 
is the natural map induced by the pushforward map Yi{Np)'^ — > Yi(iV)^. 

Proof. We define tt'^"''*') as tt o where t^"'^) is the section of pr„ ^ identifying VL^ifa, g-y) with 

the (a, 7)-eigenspace of H?^{Yi{Npy , Lp) j^g. The composition t^"-''') o pr^, ,^ is therefore equal to the 
projection operator Ja^-y above, and the proposition follows. □ 

Corollary 6.7.8. Forp\m we have 

( M...,.,^ _ 07(l-f.,-')(l-fV)(l-f<) 

Proof. We shall prove this by a slightly roundabout argument, using the second norm relation "in reverse" 
to understand how lA acts on the zcta elements. Let us write the polynomial 

{X ~ a5){X ~ I3^){X ~ 135) 



(q!7 — q;i5)(q!7 — /?7)(q;7 — pS) 



eLp[X] 



as jo + jiX + j2X^ + i^X^, and let c^m be the image of TCg^^{c^m.Np,j) in iJ|j(Yi(7Vp)2, ip)/,g. 

Essentially by definition, we have cZm"'^'"^^^ = pr^ ^ cZm'^'^^\ and hence we may apply the preceding 
proposition to obtain 



By the second norm relation for p \ N (Theorem 3.3.2) and induction on r, we see that for r > 1 we have 

(..({■^■"'^^) - normj;^™ {J/fn'''^) + ' norm^J-^™ {c4^'iy) + ■ ■ ■ + ■ ^z^f^^^^^l 
On the other hand, by the first norm relation (Theorem 3.1.2) we know that for r > 1 we have 

TT (norm?^"(,z((;^'^^))) = norm^"-™ m [n{JJ'^''''^)) ^ norm^^^™ 
while for r = we have 

- (c4{'^'"'^^) = (1 - ep(/)£p(ff)a;^).z({'^'^). 
Combining these statements we have 

+ in + J2^p + Jsal) normr (c^^^^^^^) 

+ {J2 + normf:™ {J/.t""^) + J3 normf^ {j;'^""^) . 

The prime-to-p case of the second norm relation (Theorem 3.4.1) gives a formula for the second term, and 
Theorem 3.5.2 extends this to the remaining two terms. Substituting these in, the entirety of the right- 
hand side simplifies to a linear combination of terms each of which is cZm'^'^"^ acted on by a polynomial 
in ap,a~^ with coefficients given as rational functions in a,/3,^,S. After a computation (which was 
carried out using Sage, [Sage]), one finds the polynomial simplifies to the product of Euler-type factors 
stated above. □ 

This extremely laborious computation allows us to prove the following theorem, which will be crucial 
to the Iwasawa-theoretic applications of our Euler system: 

Corollary 6.7.9. Suppose f,g admit p- stabilizations fa,g-y such that Vp{aj) < 1. Suppose m is coprime 
to p and neither of the quantities aS/p, P^/p is an r-th root of unity, where r is the order of p in 

Then for every prime v \ p of Q{fJ.m), the localization of cZ^^'^ at v lies in Hj . 
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Proof. Wc know from Proposition 6.6.2 above that the class cZm '^'''^^ is in Hj at aU primes away from 
p. Since a"f ^ (36 by Remark 6.7.5, the formula of the previous corollary applies. 

We note that for A G Lp, the element 1 — Act" ^ is invertible in ip[(Z/mZ)^] if and only if A'' ^ 1, 
where r is the order of cTp as above. It is clear that ^ cannot be a root of unity of any order, as its 
p-adic valuation is strictly positive. By assumption neither a6/p nor is an r-th root of unity; so 

the quantity 

h-S){a-f3) 

is invertible in iyp[(Z/mZ)^]. Hence cZm''^''^^ is also in □ 

Remark 6.7.10. Note that the conclusion of Corollary 6.7.9 does not explicitly mention the choice of 
p-stabilization (a, 7); we use only the fact that one exists. We conjecture that the conclusion holds much 
more generally. 

6.8. Iwasawa cohomology classes. 

Notation. We now let 5 be a finite set of places of Q containing p, 00, and all primes whose inertia 
groups act nontrivially on To^if^g)* (which can only happen for primes dividing N). Let Q'^ be the 
maximal extension of Q unramified outside S. 

Definition 6.8.1. For K a finite extension of Q contained in , i > 0, and T a topological Zp[G'/^]- 
module unramified outside S , define 

Wg{K,T) = /K,T). 

If T is also a finitely-generated Z,p-module, and Kao is a p-adic Lie extension of K unramified outside 
S, define 

L 

where L varies over the set of finite extensions of K contained in K^o and the inverse limit is with respect 
to the corestriction maps. 

Remark 6.8.2. It is well known that if Kao contains finite extensions of K of degree divisible by arbitrarily 
large powers of p - for instance, if Kao/ K is Galois and its Galois group is a p-adic Lie group of positive 
dimension - then H^^ g{Koo^V) is zero, and H^^ g{Koo,T) is in fact independent of S, as long as 5* 
contains the set consisting of all primes above p or 00, all primes ramifying in Ko^/K and all primes 
at which T is ramified. 

We now let f,g be eigenforms of level N, with coefficients in a field L, as in Definition 6.4.1. 

Proposition 6.8.3. Suppose m > 1 and there is no Dirichlet character -0 of conductor dividing mp°° 
such that f ^ g®il>, where ^ signifies that these two eigenforms have the same Hecke eigenvalues away 
from their levels (i.e. correspond to the same newform). Then 

i?°(Q(A^™p~),14,(/,.9)*) =0. 

Proof. The space -ff°(Q(Atmp°°), Vl,, (/, 5)* is preserved by the residual action of the abelian group 
Gal(Q(/imp°=)/Q), so if it is nonzero, it contains a subspace on which Gal(Q(/imp=o)/Q) acts by some 
character A (possibly after a finite extension of the field L). This gives a nonzero Gal(Q/Q)-equivariant 
homomorphism 

14,(/)^FL,(,9r(A) = FL,(,g)(xA) 

where x is the cyclotomic character. Since both sides are irreducible representations of Gal(Q/Q), this 
map must be an isomorphism; consequently if) = xA has finite order, and f ^ g ® ip- D 

We can now prove the main result of this section, which shows that the elements (a/ag)~'cz|^p^'^'' 
for i > can be glued together into a (possibly unbounded) Eulcr system: 
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Theorem 6.8.4. Let m,N > 1 with {m,p) = 1, and let p be a prime dividing N. Let f,g be modular 
forms of level N which are eigenforms for all the Hecke operators, with Up- eigenvalues a/ and ag such 
that h :— VpiafUg) < 1. Suppose that / 7^ g ® V' for all Dirichlet characters ip of conductor dividing 
mp°° . Then for any r such that h < r < 1, there is a unique element 

c3i{t^) e Hr{T) ®A(r) i?ll,s(Q(Mmp»),To,(/,ff)*) 

whose projection to Hg{Q{^jy^pi),VL^{f,g)*) is equal to 

{ajagr.^-^ 



if i > 1 , and to 



tft^O. 

Moreover, if i is a prime not dividing mN , the corestriction map sends cl\l^]!^^ to 

a, {{I - 1)(1 - Ei{l)eg{l)a-'') ~ m{r^a-')) .£f''\ 

Proof. The existence of clm]r''^^ satisfying the projection formula for i > 1 is immediate from Corollary 
6.4.5 and Proposition A. 2. 10. The projection formula for i = follows from the i = case of Corollary 
6.4.5. □ 

Note 6.8.5. The elements dm'.r'^^ are in fact independent of r e [h, 1), in the sense that if Wp(a/ag) < 
r < r' < 1, then cim'r'/^^ is the image of c3m,'r'^'' under the natural map 

nr{T) ®A(r) Hl^sMPrnp^),To,{f,gr) ► nr'iT) 0A(r) i?Iw.s(Q(Mmp-),rO,(/,ff)*) 

induced by the inclusion Hri^) ^ 'Hr'(r). 

In the case when Vp{afag) = 0, we can prove a stronger result; in this case we can dispense with the 
assumption that / is not a twist of g, and wc even get integral coefficients. 

Theorem 6.8.6. Assume that f and g are eigenforms of level dividing N , and such that Vp{afag) = 0. 

Then there is a unique element dm'^''^^ G H}^ s^^il^i'np°°) iTo^(f , g)*) whose projection toHg{Q{^„ip^)jTo^{f,g)*) 
is equal to 



'{afag)-^J^^r^^ ^f^>l 
(l-(a/a<,)-Vp),z^^^^'^) if 1 = 0. 



Proof. For i > 1, let 



c, 



As Vp{afag) = 0, we have dmf G Hs{'^{lj^mp^)iTof, (/, g)*)- Moreover, it is clear from Corollary 6.4.5 
that 



cores-/- if .(-^'f'^h - .(-^'S'^) 



i.e. c3m' = {crlf )j>i defines an element in i?i\„_s(Q(/^mp~), Tbp (/, g)*). The projection formula 
for 1 = follows as before. □ 

Remark 6.8.7. The difficulties arising when Vp{afag) > 1 are somewhat reminiscent of the "critical slope" 
case in the Iwasawa theory of a single modular form over the cyclotomic tower, cf. [PSll, PS12, LZ12]. 
However, in our situation the conditions we must impose are more restrictive; in particular, given forms 
f',g' of level prime to p, at most two of the four possible choices of p-stablizations f,g of f',g' will be 
possible, and in many cases (e.g. if ap(f') = o,p{g') = 0) there are no valid choices at all. 

Our methods using higher Chow groups can perhaps be thought of as an "algebraic avatar" of the 
modular symbol computations of [AV75]. It is interesting to speculate whether the overconvcrgcnt 
modular symbols of [PSll] also admit such an algebraic analogue, which could conceivably be applied 
in the critical-slope cases. 



EULER SYSTEMS FOR RANKIN-SELBERG CONVOLUTIONS OF MODULAR FORMS 



57 



6.8.1. Dispensing with c. We now investigate the extent to which the "smoothing factor" c may be 
removed. 

Notation. If i? is a integral domain, we write Q{R) for its field of fractions. For integers c and m such 
that (c, m) = 1, we write [c] for the image of tXc in Zp[Gal(Q(/im)/Q)]. 

Under the hypotheses of Theorem 6.8.6, there exists an element 

^'^'"'^ e Hl^smt^^.p-),ToM^9r) ®A(r,) Q(A(ri)) 

such that 

(17) c£^^^''^ = ic' ef{cr's,ic)-^cr)£^^^^\ 

Remark 6.8.8. Note that we are identifying Fi with Gal(Q(/i,„p=e)/(Q)(^„jp)). We may define 

for any d > 1 coprime to 6A^ and congruent to 1 mod mp; then [d] lies in Fi, so the expression is 
well-defined, and it is evidently independent of the choice of d. 

Notation. Write F(™) = Gal(Q(Ai™p=o )/Q) 9^ (Z/mZ)^ x F. 

Lemma 6.8.9. Let p be a prime ideal o/A(F'^™^) of height 1 which does not contain p. If the conductor 
of the Dirichlet character e fSg does not divide mp°° , then there exists an integer c > 1 coprime to 6mpN 
such that (? — e/(c)~-^eg(c)~-^[c]^ ^ p. 

Proof. Since p does not contain p, it corresponds to a Galois orbit of continuous characters F*^™^ — > Qp. 

Let Kp be a representative of this orbit. Define h : F^™^ — Qp by h{x) = Hp{xY / x{xY where x '■ F^™) — > 
Zp is the p-adic cyclotomic character. We need to show that there is an integer c > 1 coprime to QmpN 
such that h[[c\) ^ ef{c)eg{c). 

However, if no such integer existed, then e/Cg would have to factor through the natural map Z^ — > 
F^™\ i.e. would have to have conductor dividing mp°° , contrary to our hypotheses. □ 

Corollary 6.8.10. If SfSg does not have conductor dividing mp°° , then 

£'''''^ G ifL.5(Q(A^,„p~),To,(/,5)*)®Q. 

Proof Let Zq be the A(F(™))-module generated by c/I'^'^^ for all possible c and let Zi be the A(F("))- 
module generated by £'^'^\ By (17), Zq C Zi and there exists /i G A(F^™^) such that /iZi C Zq and 
Za/fiZi is p-torsion free. Hence, it is enough to show that Zq^p = Zi^p for any prime ideal p of height 1 
which does not contain p. Fixsuchap. By Lemma 6.8.9, there exists c such that c^ — e/(c)~^£g(c)~^ [c]^ ^ 
p, so 

dm t ^0,p 

by (17), as required. □ 

Remark 6.8.11. Note that if the mod p reduction of the Dirichlet character ejEg does not have conductor 
dividing mp°° , then we can even deduce that 

3L^'^'^) e i?iV,5(Q(M™p^),ro,(/,g)*). 

Lemma 6.8.12. // the residual representation ofTQ^(f,g)* restricted to Giq^^ is irreducible, then 
HL,sMf^--P^),To,{f,9r) IS a free K{V^"'))-module. 

Proof. This follows from the argument of [Kat04, §13.8], which we briefly outline here. Let T = 
ToAf,9r, A = A(F(™)) and H\T) = irL,s(Q(/^™p-), To, (/,.g)*) for simplicity. It is enough to 
show that if {x, y) is a maximal ideal of A, the two maps 

a : H\T) — ^ H\T) and /3 : H^{T)/xH\T) H\T)/xH\T) 

are inject ive. 

If a; p, the injectivity of a follows from the fact that lim Il'^{Q{^rnp"),T/p) = 0, which is a 
consequence of the finiteness of T/p. If x is such that A/xA is p-torsion free, it is enough to show 
that iJ*'(Q(/Xm), T (E) A/xA) = 0, where the action of cr G Gq(^^) on A is given by multiplication by 
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, where a denotes the image of a m r("). But T is irreducible, so non-abehan. This imphes that 

To show that /3 is injective, it is enough to show that iJ"(Z[l/mp], T ® A/(x, ?/)) = 0. But A/{x,y) = 
Op/^XIlp{r) for some r, so we are done by the irreducibihty of T/OTp. □ 

Corollary 6.8.13. If SfSg does not have p-power conductor and the residual representation ofTo^ (/, g)* 
restricted to Giq^^ is irreducible, then 

£^'-'''^ e i/i\,,s(QU„p^),ro^(/,g)*). 

Proof. This follows from the argument in [Ka t04, §13.14]. Let Zi be the A(r(™))-module generated by 
irl'^'^K By the proof of Corollary 6.8.10, Zi,p C i^iw.sCQl/^mp- )p for any prime ideal p of A(r(")) 
height one. But H^^ 5(Q(Mmp°°) is a free A(r(™')-module by Lemma 6.8.12, hence the result. □ 

6.9. Variation in Hida families. We now make use of the first norm relation (Theorem 3.1.2) to build 
elements in the cohomology of towers of modular curves, under additional ordinarily hypotheses. Let us 
begin by recalling some of Ohta's results in [Oht99, OhtOO] concerning the structure of the module 



GESp{N,Zp) := limffjt(yi(iVp"),Zp), 

n>l 

which can be roughly summarized by the statement that one can build a Hida theory for this module 
after replacing the usual Hecke operators with their transposes. 

More precisely, we note that the full Hecke algebra does not act on GESp{N, Zp), since the operator 

Up = does not commute with the trace maps. Rather, we obtain an action of the Hecke operator 

Up, corresponding to 'j'^ . Ohta shows that one may use the operator U^ to define an "anti-ordinary 

projector" e^j.^ = hm„_i.oo(t^p)"', analogous to the usual Hida ordinary projector Cord ~ lini„-i.oo(C^p)"'- 
Ohta proves the following control theorem for the anti-ordinary part of GESp{N)i^, which is naturally 
a module over the Iwasawa algebra of Fi = (1 +p1p)^ via the diamond operators: 

Proposition 6.9.1 ([01it99, 1.3, 1.4]). The module e'^^.^GESp{N)z^ is free of finite rank over A(Ti), 
and for each r > 1 there is a Gq-equivariant isomorphism 



e:,,d GESpiN, Zp)/ujr = c^.^ H\Y,{Npr),Zp), 
where lUj- is the kernel of the natural map A(ri) — > Zp[(Z/p''Z)'^]. 

From this isomorphism, we deduce that e^^,^ GESp{N, Zp) has an action of the Hecke algebra 

eUn\N,Zp) = ^ieUH'(ri(iVp'-),Zp), 

where Ti' iTi{Np^),Zp) is the Zp-subalgebra of EndQ^ M2{Tx{Np^), Qp) generated by the Hecke operators 
T'(n) for n > 1 and (q) for q € (Z/NZ)^. Here T'{£), for £ prime, corresponds to the double coset 

Q 1 , so in particular for {m,Np) = 1 we have T'{m) = {m)~^T(m) (the adjoint of T{m) with 

respect to the Petersson product). 

The algebra e^^.^ H'{N, Zp) algebra is finite and free as a A(Fi)-module. (Note that it is not generally 
free as a A(F)-module, although it is evidently projective). 

Proposition 6.9.2 ([Oht99, 2.2]). The Hecke algebra c'^j.^TL' {N,Zp) is isomorphic to the Hecke algebra 
T~ioi:d{N ,Zp) := Bold 'H(iV, Zp) acting on the module Cord -^^2(A^, A(Fi)) of ordinary K-adic modular forms 
(not necessarily cuspidal), via the map sending T{ny to T{n) and (n) to (n)^^ . 

Definition 6.9.3. In the above situation, by a Hida family of tame level N , we mean a maximal ideal 
of the ring HordC-'Vi ^p)- For each Hida family g, we define 

T{gr ^{c',,^GESp{N,Zp))il). 
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Corollary 6.9.4. Let g he an ordinary weight 2 Hecke eigenform of level Np'^ , with coefficients in some 
finite extension Lp/Qp with ring of integers Op. Then we have an isomorphism of Op -linear Galois 
representations 

where To^ig)* is the representation defined in 6.3 above. 

Proof. Clear from the definition of To^{g)* and the control theorem (Theorem 6.9.1). □ 

Theorem 6.9.5. Let N > I be prime to p. If g is a Hida family of tame level N , and f is any eigenform 
of level Np^ for fc > 1 whose Up-eigenvalue ctf satisfies Vp{af) < 1, then for each integer m > 1 there is 
a cohomology class 

,z(/'9) g HUQil^rnlToMr Tig)*), 
such that for each classical weight 2 specialization g of g with coefficients in L, the image of c'^m^'^ in 
H\^{pi,^),To,{fr ®o, To^ig)*) ^ H\Q{pi„,),To,{f,gr) 

is the generalized Beilinson-Flach element c^m'^'^ \ where N' is the greatest common divisor of the 
levels of f and g. 

Proof. We know that the elements c'^m,Np\i for s > 1 are unramified outside S, and are compatible 
under pushforward via the natural projection maps. Hence the sequence of elements defined by pushing 
forward c^m,Np',i to Cli^{Yi{Np^) x Yi{Np'^) x Q{^m), 1), for s> r, are compatible under pushforward 
maps in the Yi{Np^) factor alone. Applying the etale regulator, we obtain elements of the module 



lim H\Qipra),HliY,{Npr) X Y,{Np^),Zp)i2)). 

s>r 



For each s, using the Kiinneth formula we may decompose Hr^{Yi{Np'^) x Yi{N p'^) ^Ijp) as the tensor 
product of the H^'s of the two factors. Projecting to the quotient (/) of Hl^{Yi{Np'^),1p){l)^ and 
applying the anti-ordinary projector e^^.^^ to Hl^{Yi (Np^), Zp)(l), we may argue exactly as in Proposition 
6.6.2 above to deduce that the elements we obtain arc unramified outside Np. 

Since the restricted-ramification cohomology groups i7g(Q(/^m), — ) commute with inverse limits, we 
obtain an element of 

i/i (Q(/i„0, To, if)* ® eU GESp{N)^^{l)). 
Pushing forward along the canonical map e^j.^ GESp{N)z (1) T{g)* , we obtain the required elements. 

□ 

We also obtain a corresponding result for the product of two Hida families, whose proof is essentially 
identical to the above: 

Theorem 6.9.6. Let N > 1 be prime to p. If f , g are Hida families of tame level N , then for each 
integer m>l there is a cohomology class 

,z,l,{'9)effi(Q(A*„0,r(/)*®T(g)*), 

such that for classical weight 2 specializations f, g of f , g with coefficients in L, the image of c^m'^^ in 
H\Q{fi^),To,{fr To.ig)*) - H\Q{fi„,),To,{f,gr) 

is the generalized Beilinson-Flach element c^m'^'^ \ where N' is the greatest common divisor of the 
levels of f and g. 

Remark 6.9.7. We do not know if one can formulate a result analogous to Theorem 6.8.4 incorporating 
Hida-family variation in g, since we do not know whether the results of Appendix A. 2 apply for "big" 
Galois representations; but if / is ordinary there are no such issues. 

Theorem 6.9.8. In the situation of Theorem 6.9.6, for each m prime to p there exists a cohomology 
class 

whose image in Hl^^g{<Q|{n^p^),T{f)* (g>z^ T{g)*) for each i > I is equal to {afag)~^ ■ c'^^^p? ■ 
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7. Bounding strict Selmer groups 

Let /, g be newforms of weight 2, level N and characters Xf and Xgi respectively. Let L be the subfield 
of Q generated by the coefficients of / and g. For a prime p of L, denote by Vl„ (/) and Vl^ (g) the 
ip-representations of Gq attached to / and g, respectively. The aim of this section is to apply Theorem 
7.1.5 below to the representation Vl^ (/) <8) Vl^ {g)- 

7.1. The method of Euler systems. We recall some definitions and results from [Rti1)00]. Let O be the 
ring of integers of a finite extension E/Qp, and let T be a free O-module of finite rank with a continuous 
action of Gq which is unramified at almost all primes. Let V = T (S)o E and W = V/T — T ®o EjO. 

Let S be a finite set of primes containing p and all prime numbers at which the action of Gq on T 
ramifies. Let A be a set of integers such that 

• if m € A, then all divisors of m are in A\ 

• if r, s e A, then LCM(r, s) € A; 

• £ € A for all primes £ ^'E. 

For a prime ^ ^ S, define 

Pi{X) ^ detfi (1 -Frob7ix|y*(l)) e Zp[X], 
where Frobf is the arithmetic Frobenius at £. 

Definition 7.1.1 (C.f. [RubOO, Definition 2.1.1]). An Euler system for (T, A, S) is a system of elements 

c™ e H\q{firn),T) for all m e A, 
such that if £ is a prime such that m, m£ £ A, then the corestriction map 

sends cim to 

{Pe{aJ^)c,n ifi\m, 
Cm if£\m. 
Here, ag denotes the arithmetic Frobenius of £ in Gal(Q(/i,„)/Q). 

Remark 7.1.2. Our notations differ slightly from those of [RubOO]. Firstly, Rubin writes T* for the 
"Tate dual" Hom(T, Zp(l)), while we write this as r*(l). More significantly, Rubin considers an infinite 
abelian extension /C and a class cp for every finite subextension F of IC; in our case JC is the extension 
A^A = QifJ-r '■ r € A), and it suffices to specify a class for each subextension of the form Q(/im), which is 
our Cm, and to fill in the remainder via corestriction. 

Definition 7.1.3. For each prime £, let Hj{^^(.,W) he the image of Hj{Qe,V) in H'^{Qe,W). 
Define 

S^PHQ,W)=kcT{H\Q,W) ^H'iQe,W)/HjiQi,W)), 

and the strict Selmer group of W over Q as 

5{p}(Q,VF)=ker(5{f>(Q,W^) ► H\qp,W)). 

(Thus is the Selmer group with local conditions given by the Bloch-Kato condition at primes 
away from p and the zero local condition at p.) 

We define S^^^ (Q, T) similarly, and also S^^^ {K, T) similarly, for any number field K. (We shall only 
need this when K = Q(um), see Hypothesis Hyp(5(P',l/) below.) 

In order to state the main theorem, we introduce the following sets of hypotheses. Note that Hyp(Q, T) 
is strictly stronger than Hyp(Q, V), but Hyp(p, A) and Hyp(5^P'^, V) are independent of each other. 

Hypothesis (Hyp(Q, T)). T (g) k is an irreducible k[GQ]-module, where k is the residue field of O; and 
there exists an element t € Gq which satisfies the following conditions: 

(i) T acts trivially on /ipoo ; 

(n) T/(t - 1)T is free of rank 1 over O. 

Hypothesis (Hyp(Q, 1/)). V is an irreducible £'[GQ]-module; and there exists an element r € Gq which 
satisfies the following conditions: 
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(i) T acts trivially on fipoo ; 

(ii) dimQjy/(r-l)V^) = l. 

Hypothesis (Hyp(p, A)). The set A contains all powers of p. 

Hypothesis (Hyp(iS^P^, V)). The following three conditions hold: 

(i) T^Q = 0; 

(ii) Cra e 5{P>(Q(/^„),T) for ah m e A; 

(iii) there exists an element 7 € Gq such that 

• 7 acts trivially on fip<x, , 

• 7 — 1 is injective on T. 

Theorem 7.1.4. Assume that V is not the trivial representation, and that Hypothesis Hyp(Q, and 
at least one of hypotheses Hyp(p) and }lyp{S'--P\V) are satisfied. If c = {cm)meA is an Euler system 
for {T,A,Yi), and the image of ci in H^{Q,T) is not contained in -ff^(Q, T)tors, then 5{p}(Q, is 
finite. 

Theorem 7.1.5. Assume that p > 2 and that Hypothesis Hyp(Q,r) and at least one of hypotheses 
Hyp(p) and Hyp(S''-^-', V) are satisfied. If c = {cm)meA is an Euler .system for {T, A, E), then 

lengtho(5{p}(Q, < indo(c) + nu- + 

where indci(c) is the largest power of the maximal ideal by which ci can be divided in T) / torsion, 

and the quantities nw o,nd are as defined in Theorem 2.2.2 of [RubOO]. 

Proofs. If Hyp(p, A) holds, then Theorem 7.1.4 and Theorem 7.1.5 are Theorem 2.2.3 and Theorem 2.2.2 
of [RuliOO] respectively. If instead Hyp(5'P', V) holds, then the necessary modifications to the proofs are 
outlined in §9.1 of op.cit.. □ 

7.2. Verifying the hypotheses on T. The main result of this section is Proposition 7.2.18 below, 
which implies that under some mild technical assumptions there is a large supply of primes where the 
condition Hyp(Q,T) is satisfied. 

7.2.1. Big image results for one modular form. We begin by some results from [MomSl] and [Rib85] 
regarding the image of the Galois representations attached to a modular form. Let / = X]n>i '^nQ^ be 
a new cigenform of weight k > 2, level N and character e, not of CM type. Let L ~ Q(a„ : n > 1) be its 
coefficient field, with ring of integers Ol. 

Recall that an extra twist of / is an element 7 e Gal(L/Q) such that 7(/) is equal to the twist of / 
by some Dirichlet character Xf We let T C Gal(L/Q) be the group of such 7, and F C L the fixed field 
of F; and we let H C Gal(Q/Q) be the absolute Galois group of the finite abelian extension K cut out 
by the Dirichlet characters x^y- 

For each prime A of L, it is clear that the trace of the Galois representation PLx{f)\H takes values in 
F^, where fi is the prime of F below A. 

Theorem 7.2.1. [Momose-Ribet; see [Ril)Sr), Theorem 3.1]/ For all but finitely many X, the image of 
the Galois representation PLx{f)\H is a conjugate of the group 

{.geGL2(OF,M) :det((?)eZ,^} 

where fi and £ are the primes of F and Q below A. 

Remark 7.2.2. For a "generic" modular form /, there will be no extra twists if the character / is trivial, 
but there will always be at least one if / has nontrivial character, since the complex conjugate /* is a 
twist of /. 

We will need the following slight strengthening: 

Proposition 7.2.3. Let K' be any finite extension of K which is abelian over Q, and let H' Q H be 
its absolute Galois group. Then for all but finitely many \, the image of pL^(f)\H' is a conjugate of the 
group {g £ GL2(Of,,0 : det(g) € Z^} above. 

Proof. If A is a prime satisfying the conclusion of the theorem, then the image of PLxiDln' contains 
SL2(C'f./^), since Sh2{OF,n) is equal to its own commutator subgroup. But for all but finitely many 
primes £, the field K' is linearly disjoint from <Q(/if=c) and thus the cyclotomic character is a surjection 
H' Zf. □ 
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7.2.2. Big image results for pairs of modular forms. We recall the following result from group theory: 

Proposition 7.2.4 (Goursat's Lemma, cf. [Lan02, Exercise 1.5]). Let Gi, G2 be groups and H a subgroup 
of G ~ Gi X G2 such that the projections TTi : H ^ Gi are surjective. Let Ni = H D (Gi x {62}) and 
N2 ~ H C] ({ei} X G2), which we identify with subgroups ofGi,G2 in the obvious manner. Then the Ni 
are normal in Gi, and H is the graph of an isomorphism Gi/Ni ^ G2/N2. 

Corollary 7.2.5. Let F,F' be finite fields of the same characteristic, both of order > 4. Let H be a 
.subgroup o/SL2(F) x SL2(F') .surjecting onto both factors. Then either H is the whole o/SL2(F) x SL2(F'), 
or F = F' and H is conjugate in GL2 (F) x GL2 (F) to one of the following subgroups: 
(i) the diagonal subgroup {{x, ip^ (x)) : x G G}, for some < j < k, where F = F^fc and ip is the 

p-power Frobenius of ¥; 
(ii) the subgroup {{x,y) '■ y = ±(/3^(.t)}, for some < j < fc. 

Proof. This follows immediately from Goursat's lemma and a case-by-case check, given that the groups 
PSL2(F) for fields F of order > 4 are pairwise non-isomorphic simple groups, and the automorphism 
groups of SL2(F) and PSL2(F) are both isomorphic to PGL2(F) >3 {(p). □ 

Proposition 7.2.6. Let O, O' be the rings of integers of any two unramified extensions ofQp, where p 
is a prime > 5, with residue fields F,F'. Then any closed .subgroup H C SL2(C') x SL2(C) which surjects 
onto SL2(F) X SL2(F') must be the whole of Sh2{0) x SL2(e'')- 

Proof. We follow the argument given for SL2(Zp) by Swinnerton-Dyer in [SD7.3]. It suffices to show that 
for each n > 2, the image -ff„ of H in SL2(C'/p") x SL2(C/p") contains the subgroups Kn x 1 and 
1 X K'^, where Kn is the kernel of SL2(C'/p") — > SL2(C/p"~^) and similarly for K'^. Note that for each 
n, the group Kn is abelian, and is isomorphic (via to i— > 1 + p^^^m) to the group of trace zero matrices 
in Af2(F), which is generated by matrices u such that = 0. 

We now proceed by induction on n. Let u e A/2(F) satisfy = 0. By assumption, we may then find 
h E H congruent to (1 + u, 1) modulo p; and, as shown in op.cit., we have h^ = (1 +pu, 1) mod p^. Thus 
(1 + pu, 1) e H2, and thus H2 3 K2 x 1. Similarly, H2 contains 1 x K2, so in fact H2 is the whole of 

SL2(0/p2) X SL2(0'/p2). 

Suppose n > 3 and i7„_i is everything. We claim _ff„ contains A"„ x 1. Again, A"„ consists of 
matrices of the form (1 + p"^^u, 1), and by the induction assumption we can find h ^ H congruent to 
(1 1) modulo Then h^ is congruent to (1 +p"~^u, 1) modulo p", so (1 1) G iJ„. 

Thus Hn 3 /v„ X 1 and similarly iJ„ 3 1 x K'n, so we are done. □ 

As a corollary, we obtain the following result. 

Proposition 7.2.7. Let 0,0' be as above, with characteristic > 5, and let H be a .subgroup ofSh2{0) x 
SL2(C) which surjects onto both factors. Then either H ~ SL2(C') x SL2(C), or O' — O and H is 
contained in the subgroup 

{{x, y) G SL2(C') : x = ±ip^y mod p} 

for some j . 

We shall now boost this to a statement about GL2. For 0,0' as before, let G denote the group 

{ix,y) € GL2(0) X GL2(0') : det(.T) = dct{y) e Z^}. 

We can regard this as a fibre product Gi x^x G2, where Gi = {x G GL2(0) : det(a;) G } and similarly 
for G2. 

Proposition 7.2.8. Let H be a subgroup of G which surjects onto Gi and G2. Then either H ~ G, or 
we have O ~ O' and H is contained in the subgroup of G given by {{x,y) : x = ±(p^y mod p} for some 

i- 

Proof Let G° = SL2(C') x SL2(C'') and let H° ^ H n G° . Then H° has fuU image in each of SL2(0) 
and SL2(C), so either H° = G°, or C = O and the image of H° modulo p is contained in the subgroup 
{{x,y) : X = iip-'y mod p} for some j. 

Suppose first that H° — G° . Then we must have H — G, since for each g G G, there is some h E H 
with det(/i) — det{g), and then h~^g lies in G° so by assumption it must be in H. 

In the remaining case, by replacing H with its image under the automorphism p^ x 1, we may assume 
without loss of generality that j = 0. Then any h G H° is of the form {x, y) with x ~ zty modulo p. Let 
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{x, y) be any element of H, and consider the class oi t ^ x in PSL2(F); then for any {u, v) G H° , we 
have 

[u-hu] = [u^^x-^yu] ^ [x-^][{xux-Y\yvy-^)][y][v~^u] = [x-^y] = [t], 
since {xux'^^ ,yvy^^) G H°. Thus the classes [t] and [u] commute in PSL2(F). However, since H° surjects 
onto SL2(C'), this forces [t] to be in the centre of PSL2(F), which is trivial (since it is a simple group). 
Thus X — ±y mod p for all (x, y) € H, as claimed. □ 

Assume now that we have two newforms / and g, and let L be the sub field of Q generated by the 
coefficients of / and g. For each prime p of L, we may consider the image of the Galois representation 
p/,p X : Gal(Q/Q) ^ GL2(Lp)_x GL2(Lp). 

Let H be the subgroup of Gal(Q/Q) cut out by the Dirichlet characters corresponding to the "extra 
twists" of / and g, and let K be its fixed field (an abelian extension of Q). Let F, F' be the subfields 
of L fixed by the extra twists. By Proposition 7.2.3, we know that for all but finitely many p, the 
image of Pf.p\H is the group {x G GL2(0) : det(a;) G ^p}, where O is the completion of F at the 
prime below p and p is the residue characteristic of p; similarly, the image of Pg.p\H will be the group 
{x G GL2(C) : det(a;) G } where O' is the completion of F' at p. Then the image of the Galois 
representation p/.p x pg p is a subgroup of the group Gp = G defined above, which surjects onto cither 
factor. 

Proposition 7.2.9. In the above situation, either the image of H under py,p x pg^p is Gp, or O' = O 

and there is an element 7 G Gal(L/Q) and a quadratic character x '■ H ^ {il} such that the equality 

(18) P/,pM = ±PfA^V mod p 

holds for all a £ H . 

Proof. We know from above that if the image of pf^p x pg p is not G. then = 0' and p/.p(cr) = 
±(/3^Pg.p((T) mod p for all a H , where is the mod p Frobenius. 

Now wc may take 7 to be any element of the decomposition group of p in Gal(iy/Q) reducing to ip^ 
modulo p. (Of course, there will almost always be only be one such element, since only finitely many 
primes ramify in L/Q.) □ 

We now lift to characteristic 0. Let w be a prime of the field K; we define a^(/) = tr pf_\{a^^), 
where is the arithmetic Frobenius at w in H and A is some prime of L; if w is a degree 1 prime, then 
this is just ay{f) where v is the rational prime below w, and for general primes w it may be expressed 
as a polynomial in ay{f) and Xvif)- In any case it is obviously independent of the choice of auxilliary 
prime A, and (since K is abelian over Q) it depends only on the prime tj of Q below w. We define a^^ig) 
similarly." 

Definition 7.2.10. Let us say a prime p of residue characteristic > 5 is a good prime for the pair (/, 17) 
if the image of H under pf^p x pg p is the whole of Gp. If the image is a proper subgroup, but has full 
projection to either factor, we say p is a bad prime. 

Remark 7.2.11. If p divides 2 or 3, or is such that p/ p or pg p has small image, we consider p to be 
neutral, neither good nor bad. By the theorem of Momose-Ribet (Theorem 7.2.1), there are only finitely 
many neutral primes. 

Corollary 7.2.12. // there are infinitely many bad primes for {f,g), then there is ^ € Gal(L/Q) such 
that the equality 

a-wif) = ±j{a^{g)) 

for all primes w of K . 

Proof. For each bad prime p, there exists a 7 G Gal(L/Q) such that the congruence (18) holds, and in 
particular (by taking a = ct,^^) we have a^,[fY = lia^AdY) mod P for primes w of K. 

Since Gal(i/Q) is finite, there exists some 7 such that the congruence (18) of the proposition holds 
for all p in an infinite set B. In this case, we have 

awiff = l{aw{gf) mod p 

■^Of course, we can define the quantity a^^f) intrinsically in "automorphic" terms, as (up to normalizations) it is the 
trace of the d-th power of the conjugacy class in GL2(C) which is the Satake parameter of ttj^ „, where d is the degree of 
the unramified extension [K^ '■ Qd]; this makes the independence of A selfevident. 
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for infinitely many p. So we must have an equality a„,(/)^ = 7(au)(ff)^), since a nonzero element of a 
number field cannot be divisible by infinitely many primes. □ 

Corollary 7.2.13. If there are infinitely many bad primes for {f,g), there exists a quadratic Groessen- 
character k of K ( equivalently, a continuous quadratic character of H) such that 

a-wU) = K{w)aw{g) 

for all primes w of K . 

Proof. This follows from the strong multiplicity one theorem for SL2 /if, cf. [RamOO]: the Satake pa- 
rameters of the base-change representations BC{Tif ) and BC{tt2) of GL2(Aif) agree up to sign at any 
prime w, and Ramakrishnan's result guarantees that the sign relating the two is given by a quadratic 
character. □ 

Remark 7.2.14. Frustratingly it does not seem to be possible to show the existence of k without such 
heavy automorphic machinery, even though we know that for infinitely many primes p the sign relating 
Pf and pg modulo p is given by a character. 

Theorem 7.2.15. Suppose there are infinitely many bad primes for {f,g). Then f is Galois-conjugate 
to some twist of g. 

Proof. From Ramakrishan's theorem, we know that we have 

Pf,x\H ^ pIxIh^t 

for a quadratic character t of _ff . and any choice of prime A. Inducing up from H to H' = Ga. 
we have 

p/,A«)Indg'(lH) = /9g,A «)Indf'(T). 
But the left-hand side contains pf^\ as a direct summand, while the right-hand side is a direct sum of 



representations of the form pi \ ® p where p is an irreducible Artin representation. Hence there must 



be at least one p which is one-dimensional and such that pf^x ^ Pg x® which case we must have 

f = g^(g)p. ' ' a 

7.2.3. Existence of the special element. As in the previous section, two newforms / and g, and let L be 
the subfield of Q generated by the coefficients of / and g. We assume that / is not Galois conjugate 
to a twist of g, so by Theorem 7.2.15 there are only finitely many bad primes for {f,g). We retain the 
notation of the previous section. 

Let p be a good prime which does not divide the levels of / and g, and p the rational prime below p. 

We make the following crucial assumption: 

Assumption 7.2.16. The character x ~ iXfXg)^^ ^■s nontrivial, and its conductor is not a power of p. 

For simplification, we also make the following assumption: 

Assumption 7.2.17. We have Lf p ~ Lg p = Qp, so after a suitable choice of basis, we may assume 
that the image of pf^p x pg^p is contained in GL2(Zp) x GL2(Zp). 

We can now prove the main result of this section. 

Proposition 7.2.18. There exists an element r S GQ(^po„) such that ifYjir — X)V is 1- dimensional, 
where V = VLp(/, 5)*. If x is not congruent modulo p to any character of p-power conductor, then there 
exists T such that T / (r — 1)T is free of rank 1, for any Gq-stable lattice T in V. 

Proof. Choose some a G Gal(Q/Q) such that xi'^) 7^ 1> but a is in the kernel of the p-adic cyclotomic 
character. Note that such a do exist, since the conductor of x not a power of p. Consider the cosct 
a ■ {H n Gq(pp,^)). Since p is a good prime, under pf^p x pg p, the cosct a ■ {H D Gq^^^r^)) is mapped to 

(P/,p(a).Pff,p(a)) • SL2(Zp)^ 
which consists of all pairs (u, v) of matrices such that det(w) = X/(a) and det(t;) — Xg{ct)- In particular, 
it contains the pair 

^x \ fx^^ 



X ^X/(a)y V xxg{a) 
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for any x G . The image of this pair under the tensor product homoniorphisni GL2 x GL2 — > GL4 is 
the diagonal matrix with entries 

[1, x-'^Xf{a),x^Xg{a),Xf{a)Xg{a)\ ■ 

By choosing x appropriately, we can arrange that neither x~'^Xf{o') nor x'^Xgipt) is equal to 1. Thus 1 is 
an eigenvalue of r on Vl^ (/) ® Vl^ (g) with multiplicitly exactly 1. 

If we assume the stronger condition on x in the statement, then we can assume that Xf{(^)Xg{'^) 
is not 1 modulo p. By choosing x appropriately we can assume that a;~^x/(a) and x'^Xgi'^) ^^'^ ^-Iso 
non-congruent to 1, so it follows that T/ (r — 1)T is free of rank 1 as required (for any r-stable Oi-lattice 
in V, and in particular any GQ-stable lattice). □ 

7.3. The Euler system. As above, let / and g be newforms of weight 2, level N and characters Xf ^nd 
Xg, respectively. Let p be a prime not dividing N. Let i be a number field containing the coefficients 
of fa and gp, and let p be a prime of L above p. Let E = Lp and O its ring of integers. We write 

T = To{f,g)* and pe{X) ^ det(l - Frob^"^ X|T*(1)) = Pi{f,g,e-^X) e Ol[X]. We assume that the 
following conditions are satisfied: 

Assumption 7.3.1. (i) the character x = XfXg ^ot trivial, and moreover is not trivial modulo p; 
(ii) there exist p- stabilizations fajg-y of f and g with Up- eigenvalues a, 7 respectively such that 

• Wp(a7) < 1, 

• a/^ is not a root of unity. 

Fix c > 1 coprime to 6A^, and let A be the set of square-free integers prime to Npc. By Corollary 6.4.5, 
we have, for every integer m G A, a cohomology class cZ^^'^ <E H^{Q,n,T) which satisfy the following 
compatibility property: if m S A and £ is a prime comprime to mNpc, then the image of zj^'^ under 
the corestriction map i?i(Q£„,T) iJi(Q„,r) is 

where Ae{X) is a polynomial in Ol[A] congruent modulo ^ — 1 to pe{X). 
Lemma 7.3.2. There exists a system of cohomology classes 

{,zJ;f^eiJi(Q™,T):meA} 

such that 

^f.a.N _ f,g,N 

and if m G A and i is a prime such that mi G then the image of c^j^n^ under the corestriction map 
HHQ,,n,T) ^ H\Q„„T) ts 

Ae{ai')Mn'''' ■ 

Proof. By induction on the number of prime factors of to, we can choose (non-canonically) a system of 
elements 7,„ G (Z/toZ)^ for every m G A such that 7,„£ = £^^7,„ mod m. Identify 7,„ with an element 
of Gal(Q(/i„i/Q) via the inverse of the cyclotomic character, and define c^lf'^ = 7,71 • c^lf'^^. It is clear 
by construction that the elements have the required property. □ 

Note 7.3.3. By Corollary 6.7.9, the classes cz//'^ are in the Selmer group S^P^Q{n,n),To,{f,g)*). As 
S^P^ {Q{^m),To^{f, g)*) is invariant under the action of Gal(Q(/.tm)/Q), it follows that the same is true 
for the modified classes c^ln'^- 

We now show that we can convert the classes (cz4^'^)mGA into an Euler system. Let T, S and A 
be as defined at the beginning of Section 7.1. Then we have the following result (c.f. [Rul)00, Lemma 
9.6.1]): 

Lemma 7.3.4. Suppose that for all primes £ £ A we have polynomials r£(X), si{X) £ 0[X] such that 

re{X) = seiX) (mod£-l), 

and suppose that we have a collection of cohomology classes |c„j G _ff^((Q(/i„i), T) : m G A} such that if 
£ €z A is coprime to to, then 

if £ \ m 



coresQ(^,^j/Q(^„ ) (cf m ) 




if £ \ m 
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Then there exists a collection of classes {c„i G H^{Q{fi„i),T) : m G A} with the following properties: 
(i) For all m, 

c™ G 0[(Z/mZ)^] 
(ii) if t is a prime such that m,m£ G A, then 



coresQ(^,^)/Q(^^)(Q,„) 




if i\m 
if £ \ m 

(Hi) if m G A and x i character o/ Gal(Q(/i„i)/(Q)) of conductor k such that prinic(7Ti) C prinie(fc)Ul], 
then 

51 X(7)7(Cm) = ^ X(7)7(Cm)- 

7GGal(Q(p„)/Q) 7eGal(Q(,i„)/Q) 

Definition 7.3.5. Define {cily^'^ G H^{Q{^rn),To^{f,g)*)) : m G A} to be the classes obtained by 
applying Lemma 7.3.4 to our classes cZ^.^'^, where we take r^^X) = Ai{X) and Si{X) — pe{X) = 
Pe{f,g,£~^X), and as above A is the set of square-free integers coprime to Npc. 

Note 7.3.6. By construction, the classes {cZ^^'^ : m E A} arc an Euler system for {T,T,,A) in the 
sense of Definition 7.1.1, where E is the set of primes dividing Npc. Moreover, because of (i), we have 
G 5{P>(Q(Ai,„),T) for aU m. 



7.4. Finiteness of the strict Selmer group. We now combine the above resuhs to prove a finiteness 
theorem for the strict Selmer group. For the convenience of the reader, we shall recapitulate all of the 
assumptions we have made on / and g. 

Assumption 7.4.1. Assume that f and g are weight 2 newforms with coefficients in a number field L, 
and p a prime of L above the rational prime p, with the following properties: 

(i) Neither f nor g is of CM type, 
(ii) f is not a twist of g. 
(Hi) The character Ef Eg is non-trivial, 
(iv) p>5. 

(v) p does not divide the levels of f and g. 

(vi) p is totally .split in the field L, so Lp = Qp. 

(vii) The p-adic Galois representations of f and g are surjective onto GL2(Zp). 

(via) There exists some prime v such that xl"*^) = 1 for all inner twists X of f or g, and ay{f) 7^ 
±au{g) mod p. 
(ix) f is ordinary at p. 

(x) There exists a root 7 of the Hecke polynomial of g at p such that Wp(7) < 1 and a/7 is not a root 
of unity, where a is the unit root of the Hecke polynomial of f . 

If we assume hypotheses (i)-(iii) (which do not depend on p), then there will be many p such that the 
remaining hypotheses hold. 

Theorem 7.4.2. Suppose Assumption 7.4. 1 is satisfied, and the p-adic Rankin- Selberg L-function 
'Dp{f,g, l/N) does not vanish at 1, where N is some integer divisible by the levels of f and g. Then 

Proof. It suffices to show that the hypotheses of Theorem 7.1.4 are satisfied. By Proposition 7.2.18, 
the element r required by Hypothesis IIyp(Q,T) exists for T — TQ^{f,g)*; and the Euler system of 
Definition 7.3.5 satisfies Hypothesis llyp{S^P\V){n). Since T is nontrivial and irreducible, T''^' = 0; 
and the element 7 in Hypothesis Hyp(5^P^, T^)(iii) clearly exists. 

By Theorem 5.6.4, if 2?p(/, g, 1/A^)(1) 7^ 0, the image of regp ^i,n,i h^ the (/, g)-isotypical quotient of 
H^^{Xi (N) /Qp) I Fil^ is nonzero. Hence, by the diagram of §5.5, the localization of the Galois cohomol- 
ogy class z{'^'^ at p is nonzero, so in particular cz{'^'^ is non-torsion as an element of H^{Q, T^^ (/, g)*) 
for any c > 1. Thus we may apply Theorem 7.1.4 to the Euler system (cZ^^'^)mg^ of Definition 7.3.5 
to obtain the finiteness of the strict Selmer group. □ 
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Theorem 7.1.5 gives a bound for the order of the strict Selmer group, which we shall make explicit in 
a future draft. 

7.5. An example. It may seem slightly unclear whether the long list of conditions in Assumption 7.4.1 
may be simulatenously satisfied, so we present the following explicit example (computed using Sage 
[Sage]). 

Let / be the unique weight 2 newform of level 11 (corresponding to the elliptic curve E : y"^ + y = 
— x); and let g be the unique newform of weight 2, level 26, and character x •= (^) with 02(5) = i, 
so the g-expansions of / and g are 

f = q-2q^-q^ + 2q^ + + 0{q^), 

g = q + iq^ - q^ - q'^ - 3iq^ + 0{q^). 

Note that x has conductor 13, so the local component of Hg at 2 is an unramified twist of the Steinberg 
representation; on the other hand / is unramified principal scries at 2 and Steinberg at 11. So / cannot 
be a twist of g, and neither / nor g is of CM type (since CM forms cannot be Steinberg at any prime). 
The form / has no inner twists (since it is non-CM and has coefficients in Q); as for g, its Galois orbit 
consists of g and g, so its only inner twist is g. 

To calculate the image of the Galois representations of / and <?, we note that Sage [Sau,c^] has a facility 
to compute all the exceptional primes for the Galois representation attached to an elliptic curve (i.e. those 
primes for which the image of the Galois representation is not GL2(Zp)). This speedily tells us that pf ^ 
is surjective for all p ^ 5. 

The form g does not correspond to an elliptic curve, but there is a Dirichlet character ^ : (Z/13Z)^ 
Q(i)^ such that g (E) ip corresponds to an elliptic curve E' of conductor 2 x 13^ = 338 (the curve with 
Cremona label 338d, given by y^ + xy = x^ + x'^ + ^OAx — 13112), and the only exceptional primes for E' 
are {3, 5}. Letting H = Gqi^^yj^-^, the kernel of the character x, we see that for all primes p ^ {2, 3, 5, 13} 
the image of H under Pg^p, for any prime p of Q(i) above p, is GL2(Zp). 

Moreover, the only prime such that a„(/) = ay{g) for all v split in Q(-\/T3) is p — 5. We deduce that 
for any p congruent to 1 mod 4 and not in {5, 13}, and any prime p of Q(i) above p, the hypotheses (i) 
- (viii) are satisfied. 

We check that both / and g are ordinary at the primes above 17 (it doesn't matter which prime we 
take, since 017(3) ^^'^ ^or any choice of roots a, 7 of roots of the Hecke polynomials of / and 

the minimal polynomial of a/7 over Q is + jjX^ — f?^^ ~^ Tf^ ~^ particular a/7 is not a root 

of unity. Thus hypotheses (ix) and (x) arc satisfied if p is either of the primes above 17. 

Appendix A. Ancillary results 

A.l. Fixed points of double cosets. Here we shall prove a result that is used in the proof of Theorem 
3.4.1 above. 

Let r be a discrete subgroup of PSL2(M). Recall that a fundamental domain for F is a closed subset 
D oiH such that 

• D is equal to the closure of its interior D° , 

• Uer7^ = H, 

• jD° n D° = for all non-identity elements 7 G F. 

We assume henceforth that F is a Fuchsian group of the first kind, i.e. that F admits a fundamental 
domain D with finite hyperbolic area. We shall say that a fundamental domain D is polygonal if D is 
the region bounded by a finite number of geodesic arcs in it is known that every F admits a polygonal 
fundamental domain. 

Lemma A. 1.1. Let D be a Dirichlet domain for F, and let E ~ aD where a lies in the commensurator 
Comm(r). Then there are only finitely many 7 € F such that aD D jD 7^ 0. 

Proof. It is clear that aD is a Dirichlet domain for aFa~^. In particular, it is polygonal. Hence it can be 
decomposed as the union of a compact set M and a finite number Ni of "cusp neighbourhoods" , which 
are subsets bounded by two geodesies intersecting at a vertex at infinity, which is a parabolic point Xi 
of aFa"^ on the boundary P^(R), and an arc of a Euclidean circle tangent to the real line at Xi. 

Since M is compact, it can intersect only finitely many F-translates of D (cf. [Kat92, Theorem 3.5.1]). 
Moreover, since a G Comm(Z?), the sets of parabolic points of F and aFa~^ are the same; so for each 
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vertex-at-infinity x of aD, we may choose some 7 e F which maps a vertex-at-infinity yi of D to Xi, 
and it is clear that Ni is contained in a finite union of translates of 77'Z) where 7' lies in the stabilizer 
of yi. Each of these, in turn, intersects finitely many other translates of D (since D has finitely many 
sides). □ 

Lemma A. 1.2. Let T he Fuchsian group of the first kind, and let X C Comm(r) be a finite union of 
double cosets TaT. Then the set 

Fix{X) = {u €^ H : ju = u for some 7 S X , 7 7^ 1} 

is a finite union of T-orbits in %. 

Proof. Since X — {id} is preserved by conjugation by F, the set Fix(X) is a union of orbits of F. So it 
suffices to show that Fix(X) n D is finite, where Z) is a Dirichlet domain for F. 

We claim that there are only finitely many x ^ X such that xD C\ D ^ 0. From Lemma A. 1.1, we 
know that for each a € G there arc finitely many 7 €E F such that H aD 7^ 0, and hence finitely 
many x € Fa such that xD D D 0. Since X is the union of finitely many left cosets Tai, this implies 
the claim. 

However, each non-identity element in the finite set {x € X : xD n D ^ 0} can only have finitely 
many fixed points in H, and in particular in D; so Fix(A) H Z? is finite, as required. □ 

Lemma A. 1.3. Let Fi, F2 be commensurable Fuchsian groups of the first kind. Then the set 

{u e H : 3c e Fi, d e F2 such that cd ^ 1 and cdu = u} 
is a finite union of orbits under Fi H F2. 

Proof. This follows from the previous lemma applied to F = Fi n F2 and X = F1F2. □ 

(Note that if Fi = F2, or more generally if the group generated by Fi and F2 is Fuchsian, this 
generalizes the well-known result that Fuchsian groups of the first kind have finitely many elliptic points 
in F.) 

In particular, we have the following: 

Proposition A. 1.4. Let Fi,F2 be commensurable Fuchsian groups of the first kind. Then the natural 
map 

(Fi n F2)\H (Fi\H) X (F2\H) 
is injective away from a finite subset of its domain. 

Proof. Let z,z' be two points of Ji such that z' e Fiz and z' e T2Z. Then we may write z' = 71Z for 
some 7i <S Fi and z' = 72Z for some 72 G F2. 

Hence 7^^722 = z. So either z lies in the finite subset Fix(FiF2) of (Fi n F2)\H, or 7]~^72 = 1, in 
which case z and z' are clearly in the same orbit under Fi n F2. □ 

A. 2. Unbounded Iwasawa cohomology. In this section, we'll consider inverse systems of cohomology 
classes in Zp -extensions which are not bounded (as in the usual definition of Iwasawa cohomology) but 
satisfy a weaker growth condition. 

Let if be a finite extension of cither Q or Qp. If K is global, suppose that either p ^ 2, or K has no 
real places. 

Notation. In order to handle the two cases in a uniform manner, we shall adopt a notation that is slightly 
abusive: for T a Zp-representation of Gal(/f//i), the notation H^{K,T) will mean either H'^{K,T) as 
defined above if G is local, or what we previously called Hg{K, T) if K is global, where S is some fixed 
finite set of places containing all infinite places and all those dividing p. In the latter case, we will assume 
that S contains all primes at which T is ramified. 

As before, we let Kn = K{iJ.pn) and = [Jn^^, and define Iwasawa cohomology groups iZf^ (i^oo , T) 
as the inverse limit of the H^(Kn,T) with respect to corestriction, with their natural module structure 
over A = Azp(F). 

Proposition A. 2.1 (Nekovar). For any j G {0, 1, 2}, we have a short exact sequence 
(19) >- Hl{K^,T)r„ ^ H^iK„,T) ► H(+\K^,Tf- 
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Proof. This is Corollary 8.4.8.2 of [NckOG]. We briefly recall the proof. There are natural isomorphisms 

H\Kn,T) ^ H\K, Zp[r/r„] T) 

(for a suitable A-linear action of Gk on the tensor products); see Proposition 8.3.5 of op.cit.. Then the 
result above follows from the long exact cohomology sequence of i^-cohomology attached to the short 
exact sequence of A [Gif] -modules 



^ A<S)z,T A T . Zp[r/r„] T ^ 0. 



□ 



Proposition A. 2. 2 (Pcrrin-Riou). There is an exact sequence 

. T<=^~ >- HUKoo,T) ^ HomA(iJi(/^oo,y/T)^,A)' ^ (finite) >- 0, 

where l signifies that the A-module structure is composed with the automorphism 7 i— > 7^^. In both cases, 
this exact sequence identifies T'-^'^°° with the K-torsion suhmodule of H^^{Kao,T) . 

Proof. The local case is [PR92, Proposition 2.1.6]; note that in the local situation Tate duality furnishes 
an isomorphism H^{Koo,V/T)'^ = Hl^{Koo,T* {!)) and the middle map can be interpreted as Perrin- 
Riou's pairing Hl^{K^,T) x Hl^{K^,T* {!)) A. The global case is [PR95, Lemma 1.3.3]. □ 

The main object of study in this section is the following module. Let V = Qp T. 

Definition A. 2. 3. For K,T,V as above, and < r < 1, let Yr{KaoTV) be the space of sequences 
(cn)n>o £ l^m^^ H^{Kn, V) such that there exists 5 < 00 independent of n for which pL''"J+''c„ is in the 
image ofH^{Kn,T) m H^{K,„V). 

Proposition A. 2. 4. For all Q <r <1, the natural map Xr : Uri^)® a^^(t)Hi^{Koo,V) ^m^^ H^{Kn, V) 
has image contained in Yr{K 00 , V). 

Proof. This is clear from the definition of 'Hr(r). D 

Remark A. 2. 5. The map is not necessarily injectivc, even for r = (where 'Hr(r) is just A Qp). A 
counterexample is provided by the representation T ~ Zp(l). Then the cocycle c„ given by cr i-> ^^"^^^^ 
is well-defined as an element of H^{Kn,T) (for cither local or global K). The sequence (c„) defines an 
element of Hl^{Koa,T) which is not p-torsion, and thus is non-zero as an element of Hl^{K^, V). But 
p"c„ is a coboundary for all n, so the image of c„ in H^{Kn,V) is zero for all n. Thus (c„) lies in the 
kernel of the above map. 

Proposition A. 2. 6. The kernel of Xr is contained in H^^{Kao,V)toi-s = V'^'^°° . 

Remark A. 2. 7. We note first that this statement does make sense, since for any Aq^ (r)-torsion module 
M, tensoring with 1 e 'Wr(r) gives an isomorphism Hr(r) ®AQp(r) — M. 

Proof. Tensoring (19) with Qp, we find that the map 

is injective. Thus the kernel of consists of those elements lying in 

fl (7„ - 1) (^.(r) ®A,p(r) Hl{K 00, V) 

Since H^^{Koo, V) is a finitely-generated module over the subring AQp(ri) C AQp(r), which is a PID, 
we may write it as the direct sum of its torsion submodulc and a complementary free submodule. Since 
r < 1, we find that 

n(7n-l)Hr(r) = 0, 
n>l 

and hence the kernel of Xr is contained in the torsion part of H^^{Kao, V), which is equal to 1/*^^°° by 
Proposition A. 2. 2. □ 

Remark A. 2. 8. Although we shall not need this, it clearly follows that the kernel of Ar is equal to 
1J„>q(7„ — 1)F^^°° , which is the unique P-invariant complement of IJ^^ H'^{K„, V) in H^{Koo,V). 
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Proposition A. 2. 9. Let K be a p-adic field and suppose that V^'^-^ = 0. Then the map 
is an isomorphism. 

Proof. By Proposition A. 2. 2, our liypotheses imply tlrat H^^{Kao,V) is a torsion-frcc Aq (r)-niodule; 
hence it is free, since Aq^ (F) is a finite product of principal ideal domains (and the ranks of the Ftors- 
isotypical direct summands of H^^{Kco, V) are all equal). Thus there exists a free basis xi, . . . ,Xd of 
HlJK^.V), where d = dimQ^(F). 

For each n, the cokernel of the projection map 

HUK,T) ^ HHKn,T) 

is finite, and its order is bounded independently of n. (In fact, the cokernel of this map is isomorphic to 
the F„-invariants of 

Hl{K^,T)-H°{K^,{V/Tni))\ 
and H"{K^,{V/T)*{1)) is finite, since H°iK^,V*{l)) = H^{K^,V)*{1) = 0.) Thus the map 

is surjective for all n, and there is < oo independent of n such that the Zp-submodule spanned by the 

images of xi, . . . , in H^{Kn, V) contains p'' ■ ^^j^^^- 

Consequently, given any sequence (c„)„>o S Yr{Kao,V), we have for each n uniquely determined 
elements 6^"^ . . . , G Qp[r/r„] such that X^iLi = c„, where x-"^ is the image of Xi in 

H^{Kn,V). Also, for each i the sequence (6,|"^)„>o is compatible under projection (by uniqueness), and 
its valuation is bounded below by — [rnj — S — v; so (as r < 1) there is a unique element hi € 'H, (r) 
whose image at level n is 6-"^ for all n. Then it is clear that c = J2i h'Sxi G Hr(F) <8)AQp(r) Hl^{Koo, V) 
is a preimagc of (c„)„>o; by the previous proposition, it is unique. □ 

In the global case we cannot prove quite such a strong result, as we do not have such good control 
over Hf^{Koo,T); the following rather more specific result (which applies to both local and global cases) 
will suffice for our purposes: 

Proposition A. 2. 10. Let r < 1, and suppose T has the structure of a module over Oe, for some finite 
extension E/Qp, and that T'^''^°° = 0. Let a G Oe such that Vp{a) < r, and suppose we are given 
elements x„ G H^{Kn,T) for n>0 satisfying 

cores"+^(a;„-|.i) = ax„. 

Then there is a unique element x G Hr(F) Hl^{Koo,T) whose image in H^{Kn, V) is equal to a~"'Cn 
for all n. 

Proof. We claim that the hypotheses of the theorem force each c„ to be the image of an element of 
Hl^{K.rxnV)T„. To prove this, we shall argue much as in the proof of Proposition 6.6.2. We begin 
by noting that Hf^{Kao,T) is a finitely-generated A-module, and the subgroups A/„ := Hf^{Koo,T)^" 
are A-submodules (since F is abelian). As A is a Noetherian ring, the ascending chain of submodules 
(Af„)„>o must eventually stabilize; that is, there is an no such that M„ = Mn^ for all n > uq. 

The corestriction map H^{Kn+i,T) — )- H^{Kn,T) corresponds to the trace map Mn+i M„; when 
n > riQ this is simply multiplication by p on Mn^. Since Vp{a) < 1, we deduce as in Proposition 6.6.2 
that for all n > 0, the image of x„ is contained in the torsion submodule of M„. Inverting p, the torsion 
is killed, and the image of x„ in Hf^{Kao,V)^" is 0; so x„ lies in the submodule Hi^{Kao,V)r„ Q 
HHKn,V). 

Now let us choose a basis of the free Aq^ (F)-module H^^ {Koo ,V). In order to apply the argu- 
ment of the previous proposition, we need only check that the order of the torsion subgroup of M„ 
is bounded independently of n; but this is immediate from the fact that the M„ stabilize for large n 
(and are all finitely-generated as Zp-modules). This shows that there exists a fi such that a^"c„ lies in 
p~^^"'^~'^H^^{Kao,T), and the argument proceeds as in Proposition A. 2. 9. □ 
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